Geometric Interpretation of m-th Elliptic Integrable 

System 



Idrisse Khemar 



Contents 

• Introduction 3 

0.1 The primitive systems 4 

0.2 The determined case 4 

0.2.1 The minimal determined system 5 

0.2.2 The general structure of the maximal determined case 

0.2.3 The model system in the even case 

0.2.4 The model system in the odd case 

0.2.5 The coupled model system 

0.2.6 The General maximal determined odd system 

0.2.7 General maximal determined even system, {k' — 2k, m = 2fc — 1) 

0.2.8 The intermediate determined systems 

0.3 The underdetermined case 

0.4 In the twistor space 

Index of notations 

0.5 Generalities 

0.6 Almost complex geometry 

1 Invariant connections on reductive homogeneous spaces 

1.1 Linear isotropy representation 

1.2 Reductive homogeneous space 

1.3 The (canonical) invariant connection 

1.4 Associated covariant derivative 

1.5 G- invariant affine connections in terms of equivariant bilinear maps 

1.6 A Family of connections on the reductive space M 

1.7 Differentiation in End(T{G/H)) 

2 m-th elliptic integrable system associated to a /c'-symmetric space 

2.0.1 Definition of (even when r does not integrate in G) 

2.1 Finite order Lie algebra automorphisms 

2.1.1 The even case: k' — 2k 

2.1.2 the odd case: k' = 2k + 1 

2.2 Definitions and general properties of the m-th elliptic system 

2.2.1 Definitions 

2.2.2 The geometric solution 

2.2.3 The increasing sequence of spaces of solutions: {S{m))m£N 



1 



2.3 



2.4 
2.5 
2.6 



2.2.4 The decreasing sequence (Syst(m, r?'))p/^./ 

The minimal determined case 

2.3.1 The even minimal determined case: k' — 2k and m = k 

2.3.2 The minimal determined odd case 

The maximal determined case 

The underdetermined case 

Examples 

2.6.1 The trivial case: the 0-th eUiptic system associated to a Lie group. 

2.6.2 Even determined case 

2.6.3 Primitive case 

2.6.4 Odd determined case 

2.6.5 Underdetermined case 



Finite order isometries and Twistor spaces 

3.1 Isometries of order 2k with no eigenvalues = ±1 

3.1.1 The set of connected components in the general case 

3.1.2 Study of Ad J, for J e Z^f^iR"^"") 

3.1.3 Study of AdJJ 

Isometries of order 2fc + 1 with no eignevalue = 1 

The effect of the power maps on the finite order isometries 

The Twistor spaces of a Riemannian manifolds and its reductions 

Return to an order 2k automorphism r:0^g 

3.5.1 Case r — k 

3.5.2 Action of Adr|n, on adgj 

The canonical section in {Z2k{G/H))'^, the canonical embedding, and the Twistor 

lifts 

3.6.1 The Twistor lifts 



3.2 
3.3 
3.4 
3.5 



3.6 



Vertically Harmonic maps and Harmonic sections of submersions 

4.1 Definitions, general properties and examples 

4.1.1 The vertical energy fonctional 

4.1.2 Examples 

4.1.3 ^'-torsion, ^f-difference tensor, and curvature of a Pfaffian system 

4.2 Harmonic sections of homogeneous fibre bundles 

4.2.1 Definitions and Geometric properties 

4.2.2 Vertical harmonicity equation 

4.2.3 Reductions of homogeneous fibre bundles 

4.3 Examples of Homogeneous fibre bundles 

4.3.1 Homogeneous spaces fibration 

4.3.2 The twistor bundle of almost complex structures 

4.3.3 The twistor bundle Z2k{E) of a Riemannian vector bundle . . . 

4.3.4 The Twistor subbundle Z^^ ^ (E) 

4.4 Geometric interpretation of the even determined system 

4.4.1 The injective morphism of homogeneous fibre bundle Jj^ : G/Gq ^ 

4.4.2 Conclusion 



2 



Generalized harmonic maps 

5.1 Affine harmonic maps and holomorphically harmonic maps 

5.1.1 AfRne harmonic maps: general properties 

5.1.2 Holomorphically harmonic maps 

5.2 The sigma model with a Wess-Zumino term in Nearly Kahler manifolds 

5.2.1 Totally skew-symmetric torsion 

5.2.2 The general case of an almost Hermitian manifold 

5.2.3 The example of a 3-symmetric space 

5.2.4 The good geometric context /setting 

5.2.5 J-twisted harmonic maps 

5.3 The sigma model with a Wess-Zumino term in 5i-manifolds 

5.3.1 TTV-valued 2-forms 

5.3.2 Stringy Harmonic maps 

5.3.3 Almost Hermitian t/i-manifolds 

5.3.4 Characterisation of Hermitian connections in terms of their torsion . . . . 

5.3.5 The example of a naturally reductive homogeneous space 

5.3.6 Geometric interpretation of the maximal determined odd case 

5.4 /-structures on homogeneous fibre bundles 

5.4.1 Connections preserving a /-structure 

5.4.2 /-connections on fibre bundles 

5.5 Stringy Harmonic maps in /-manifolds 

5.5.1 Definitions 

5.5.2 The closeness of the 3-forms F •T and F *T 

5.5.3 The sigma model with a Wess-Zumino term in reductive Riemannian /- 
manifold of global type Gi 

5.5.4 The example of a naturally reductive homogeneous space 

5.5.5 Geometric interpretation of the maximal determined even case 



82 
82 
83 
89 
89 

91 
93 
94 
95 
96 
96 
98 
98 
102 



103 



104 



104 



104 
116 



118 



118 



lis 



121 
121 



122 



123 



123 



125 



126 



Generalized harmonic maps into reductive homogeneous spaces 

6.1 Afiine harmonic maps into reductive homogeneous spaces 

6.2 Affine (holomorphically) harmonic maps into 3-symmetric spaces 

6.3 Affine vertically (holomorphically) harmonic maps 

6.3.1 Affine vertically harmonic maps: general properties 

6.3.2 Affine vertically holomorphically harmonic maps 

6.4 Affine vertically harmonic maps into reductive homogeneous space 

6.5 Affine vertically (holomorphically) harmonic maps into reductive homogeneous 
space with an invariant Pfaffian structure ll3C 



126 
127 
127 



Appendix Il37 

7.1 Vertical harmonicity 

7.2 Riemannian /-structures 



137 



138 



Introduction 

In this paper, we give a geometric interpretation of all the m-th elliptic integrable systems 
associated to a /c'-symmetric space N = G/Gq (in the sense of C.L. Terng [38]). 
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This system can be written as a zero curvature equation 



dax + -[axAax] = 0, 



VAeC*, 



where = X^jlo ^~^''^3 + = S^-m ^''^j ^ 1-form on a Riemann surface L taking 
values in the Lie algebra Q. The "coefRcient" Uj is a (l,0)-type 1-form on L with values in the 
eigenspace of the automorphism r: g ^ g of order k' (defining the (locally) A-'-symmotric 
space N = G/Gq) with respect to the eigenvalue w^/. We denote by uik' a fc'-th primitive root 
of unity. Moreover, we call the integer m the order of the system. 

First, we remark that any solution of the system of order m is a solution of the system of order 
m', if m < m' (and the automorphism r is fixed). In other words, the system of order m is a 
reduction of the system of order m' , if m < m' . 

Moreover, it turns out that we have to introduce the integer ruk' defined by 



k' + 1 



fc if A;' = 2k 

fc + 1 if fc' = 2fc + 1 



if k' > 1, and mi = 0. 



Then the general problem splits into three cases : the primitive case (m < rUk' ) , the determined 
case {mk> < m < k' — 1) and the underdetermined case (m > k'). 



0.1 The primitive systems 

The primitive systems have an interpretation in terms of -F-holomorphic maps, with respect to 
an /-struture F {F^ + F = 0). More precisely: 

• In the even case {k' = 2k), we have a fibration G/Gq — > G/H over a fc-symmetric space 
M = G/H (defined by the square of the automorphism t of order k' defining A'' = G/Gq). We 
also have a G-invariant splitting TN = T-KBV corresponding to this fibration (i.e. a connection 
H on this fibration), and then N is naturally endowed with a /-structure F which defines 
a complex structure on the horizontal subbundle H and vanishes on the vertical subbundle V. 
Moreover the eigenspace decomposition of the order k' automorphism r gives us some G-invariant 
decomposition H = ®jZl[mj], where raj C is defined by nVj = Q-j ® Qj, and [tUj] C TN the 
corresponding G-invariant subbundle. This allows to define, by multiplying F on the left by the 
projections on the subbundles = ©jLi[iT^j], a family of /-structures fI'"^,! < m < A; — 1. 
Then the primitive system of order m (m < rUk' = k) associated to G/Gq is exactly the equation 
for _F[™l-holomorphic maps. In particular any solution of a primitive system is F-holomorphic. 

• In the odd case {k' = 2k+l), N = G/Gq is naturally endowed with an almost complex structure 
J. Then the solutions of the primitive systems are exactly the J-holomorphic curves. Moreover, 
in the same way as for the even case, the eigenspace decomposition of r provides a G-invariant 
decomposition TN = ©j=i[nij], which allows to define a family of /-structures fI™!, 1 < m < k, 
with FI*^! = J. Then the primitive system of order m {m < rriki = A; -|- 1) associated to G/Gq is 
exactly the equation for F[™l-holomorphic maps. In other words, the solutions of the primitive 
system of order m are exactly the integral holomorphic curves of the complex Pfaffian system 
©JLi[mj] C TN in the almost complex manifold (A^, J). 



0.2 The determined case 

We call "the minimal determined system" the determined system of minimal order mfe/, and "the 
maximal determined system" the determined system of maximal order k' — 1. 
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Any solution of a determined system is solution of the corresponding maximal determined system. 
More precisely, a map /: L ^ G/Gq is solution of a determined system (associated to G/Gq) if 
and only if it is solution of the maximal determined system (associated to G/Gq) and satisfies 
an additional holomorphicity condition. When this holomorphicity condition is maximal, then 
we obtain the minimal determined system. 

0.2.1 The minimal determined system 

The minimal determined system has an interpretation in terms of horizontally holomorphic and 
vertically harmonic maps f : L ^ N = G/Gq. It also has an equivalent interpretation in terms 
of vertically harmonic twistor lifts in some twistor space. Let us make precise this point. 

In the even case. As we have seen in the subsection 10.11 below, the homogeneous space 
= G/Gq admits a G-invariant splitting TN = 7i©V corresponding to the fibration tt: N ^ M 
and A^ is naturally endowed with a /-structure F which defines a complex structure on the 
horizontal subbundle Ti and vanishes on the vertical subbundle V. Then we say that a map 
/ : L ^ A^ is horizontally holomorphic if 

(d/°jL)^ = Fod/. 

Then we prove that the even minimal determined system (Syst(fc, r) ) means that the geometric 
map f is horizontally holomorphic and vertically harmonic, i.e. 

r^f) := Trg(V"dV) = 
(for any hermitian metric g on the Riemann surface L). 

We prove also that this system also has an equivalent interpretation in terms of vertically har- 
monic twistor lifts in the twistor space Z2k,j{M, J2) which is a subbundle of Z2fc(M), where 

Zk' (M) = { J e SO{TM)\ J'^' = Id, J" ^ Id if p < k' , ker( J ± Id) = {0}} 

is the bundle of isometries of TM with finite order k' and with no eigenvalues = ±1. More 
precisely denoting by J2 the order k isometry of M defined by r^, then we define Z2k,j {M, J2) — 
{J e Z2fc(Af)| = J2}. Then we prove that A^ = G/Gq can be embedded into the twistor space 
22k,j{M, J2) via a natural morphism of bundle over M — G/H. We prove that f : L ^ N is 
solution of the system if and only if the corresponding map : L Z2k,j{M, J2) is a vertically 
harmonic twistor lift. 

In the odd case. We obtain an analogous interpretation as in the even case. An interpretation 
in terms of horizontally holomorphic and vertically harmonic maps / : L ^ N = G/Gq. And by 
embedding G/Gq into the twistor space Z2k+i{N) of order 2k +1 isometries in A^, we obtain an 
interpretation in terms of vertically harmonic twistor lift. 

0.2.2 The general structure of the maximal determined case. 

First, the maximal determined system has 3 model cases. This means that there are 3 maximal 
determined systems, namely the three maximal determined systems with lowest order of sym- 
metry (2,3,4), of which the corresponding geometric equations (when put all together) contain 
already all the structure terms - in a simple form- that will appear in the further maximal deter- 
mined systems in a more complex and general form due to the more complex geometric structure 
in the further maximal determined systems. That is in this sense that we can say that all the 
further determined systems associated to target spaces A^ with higher order of symmetry will be 
modeled on these model systems. 
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0.2.3 The model system in the even case 

In the even case, this model is the first elHptic integrable system associated to a symmetric space 
{m — l,k' = 2) which is - as it is well known - exacly the equation of harmonic maps from 
the Riemann surface L into the symmetric space under consideration. This is the "smallest" 
determined system, i.e. with lowest order of symmetry in the target space N = G/Gq. In this 
case -N is symmetric- the determined case is reduced to one system, the one of order 1. 

0.2.4 The model system in the odd case 

In the odd case, this model is the second elliptic integrable system associated to a 3-symmetric 
space. This is the "smallest" determined system in the odd case, i.e. with lowest odd order of 
symmetry in the target space = G/Gq. We prove that this system is exactly the equation 
for holomorphically harmonic maps into the almost complex manifold (iV, J) with respect to 
the anticanonical connection = V° + [ i ][m]; where V° is the canonical connection. Or 
equivalently this is the equation for holomorphically harmonic maps into the almost complex 
manifold (A^, — J) with respect to the canonical connection V°. 

Holomorphically harmonic maps. Given a general almost complex manifold {N, J) with 
a connection V, we define holomorphically harmonic maps /: L — > iV as the solutions of the 
equation 

[9^9/] ''" = (1) 

where [ ]^'° denotes the (1, 0)-component according to the splitting TN^ = T^^^iV T°'^N 
defined by J. This equation is equivalent to 

or, equivalently, using any Hermitian metric g on L 

Tg{f) + Jrgif) = 

where Tg(f) = *f*T = f*T{ei, 62), with (61,62) an ortlionormal basis of TL, and Tg{f) = 
*d'^ * df = Tig{Vdf) is the tension field of /. Of course Tr^ denotes the trace with respect to 
g, and the expression Vd/ denotes the covariant derivative of df with respect to the connection 
induced in T*L (g) f*TN by V and the Levi-Civita connection in L. 

In particular, we see that if V is torsion free or more generally if / is torsion free, i.e. f*T — 
0, then holomorphic harmonicity is equivalent to harmonicity. Therefore, this new notion is 
interesting only in the case of a non torsion free connection V. 

The vanishing of some 99-derivative. Now, let us suppose that the connection V on iV 
is almost complex, i.e. VJ = 0. Then, according to equation |(T|), we see that any holomorphic 
curve /: (i, Jl) (N, J) is anti-holomorphically harmonic, i.e. holomorphically harmonic with 
respect to — J. In particular, this allows to recover that a 1-primitive solution (i.e. of order 
m = 1) of the eUiptic system associated to a 3-symmetric space is also solution of the second 
elliptic system associated to this space. 

Moreover, the holomorphically harmonic maps admit a formulation very analogous to that of 
harmonic maps in term of the vanishing of some i9i9-derivative, which implies a well kown car- 
acterisation in term of holomorphic 1-forms. Indeed we prove that /: {L,jL) (iV, J, V) is 
holomorphically harmonic if and only if 

Tdf = 0, (2) 
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i.e. df is a holomorphic section of T^qL ®c f*TN. Here the hat " " " means that we extend a 
1-form on TL, like or V, by C-linearity as a linear map from TL^ into the complex bundle 
{TN, J) . In other words instead of extending these 1-forms as C-linear maps from TL"" into 
as it is usual, we use the already existing structure of complex vector bundle in (TN, J) 
and extend these very naturally as C-linear map from TL^ into the complex bundle {TN, J) . 
Therefore we can conclude that holomorphically harmonic maps have the same formulation as 
harmonic maps with the difference that instead of working in the complex vector bundle TN"", 
we stay in TN which is already a complex vector bundle in which we work. 

The sigma model with a Wess-Zumino term. Finally, let us suppose that N is endowed 
with a V-parallel Hermitian metric h. Therefore (N, J, h) is an almost Hermitian manifold with 
a Hermitian connection V. Suppose also that J anticommutes with the torsion T of V i.e. 

T{X, JY) = -JT{X,Y) 

which is equivalent to 

T = \nj 

where Nj denotes the torsion of J i.e its Nijenhuis tensor. 
Suppose also that the torsion of V is totally skew-symmetric i.e. 

T*{X,Y,Z) = {T{X,Y),Z) 

is a 3-form. Lastly, we suppose that the torsion is V-parallel, i.e. VT* = which is equivalent 
to VT = 0. Then we prove that this implies that the 3-form 

H{x, y, z) = ~T*{x, y, jz) = {jt{x, y), z) 

is closed diJ = oQ 

Then the equation for holomorphically harmonic maps f : L ^ N is the equation of motion (i.e. 
Euler-Lagrange equation) for the sigma model in N with the Wess-Zumino term defined by the 
closed 3-form H . The action functional is given by 

S{f) = E{f) + |d/pdvol, + H, 

where B is 3-submanifold (or indeed a 3-chain) in N whose boundary is f{L). 
Then since dH = 0, the variation of the Wess-Zumino term is a boundary term 

55^^= / LsfH= [ disfH= [ isfH, 
Jb Jb Jf{L) 

whence its contribution to the Euler-Lagrange equation involves only the original map / : L ^ N . 
In particular, applying this result to the case we are interseted in, i.e. N is 3-symmetric, we 
obtain: 

The second elliptic system associated to 3-symmetric space N — G/Gq is the equation of mo- 
tion for the sigma model in N with the Wess-Zumino term defined by the closed 3-form H , 
corresponding to the canonical almost complex structure — J and the canonical connection V"ll 

^Let us point out that in general T* is not closed even if it is V-parallel. For example, in a Riemannian 
naturally reductive homogeneous space G/H, endowed with its canonical connection V , we have V^T = but 
dT* {X,Y, Z,V) = —2{Jacm{X,Y,Z),V) where Jacm is the m-component of the Jacobi identity (i.e. the sum of 
the circular permutations of [X, [Y,Z]m]m). Of course m denotes the AdiT-invariant summand in the reductive 
decomposition g = f) ffi m. 

^In fact, we need a naturally reductive metric on A'' to ensure that T* is a 3-form. But if we allow Pseudo- 
Riemannian metrics and if g is semisimple then the metric defined by the Killing form is naturally reductive. 
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The good geometric context/setting In the previous variational interpretation, we need to 
make 3 hypothesis on the torsion of the almost Hermitian connection: T anticommutes with J, 
is totally skew-symmetric and V-parallel. It is natural to ask ourself what do these hypothesis 
mean geometrically and what is the good geometric context in which these take place. It turns 
out that the good geometric context is the one of Nearly Kdhler manifold. 

An Hermitian manifold (TV, J, h) is Nearly Kahlcr if and only if {V%J)X = 0, for all X e TN, 
where V'* is the Levi-Civita connection. Then we prove that the almost Hermitian manifolds 
for which there exists an Hermitian connection satisfiying the three hypothesis above are exactly 
Nearly Kahler manifolds. Then the variational interpretation can be rewritten as follows: 

Theorem 0.1 Let {N,h,J) be a nearly Kahler manifold then the equation of holomorphic har- 
monicity for maps f : L ^ N is exactly the Euler- Lagrange equation for the sigma model in N 
with a Wess-Zumino term defined by the 3-form: 

H = -dQj 
3 

where Ctj = ( J-, •) is the Kdhler form. 

Therefore: the second elliptic system associated to 3-symmetric space N = G/Go, endowed with 
its canonical almost complex structure J, is the equation of motion for the sigma model in N 

with the Wess-Zumino term defined by the closed 3-form H = —-dflj. 

J- twisted harmonic maps. Wc prove that we can also interpret the holomorphic harmonicity 
in terms of J -twisted harmonic maps (w.r.t. the Levi-Civita connection). Let us define this 
notion. Let {E, J) be a complex vector bundle over an almost complex manifold {MjJm)- Then 
let V be a connection on E. Then we can decompose it in an unique way as the sum of a 
J-commuting and a J-anticommuting part, i.e. in the form 

V = V° + A 

where V" J = and A e C{T*M ® End(E)), AJ = - J A. More precisely, we have A = ^ JVJ. 
Then we set 

= V° - (A o jm)J = V - i JVJ - i VJ o jm. 

Now let / : (i, Jl) {N, J) be a map from a Riemann surface into the almost complex manifold 
(TV, J) endowed with a connection V. Then let us take in what precede (M, jm) = (-^, jz,) and 
(£■, V) = {f*TNJ*'V). Then we say that the map /: (L, jz,) ^ {N,J,V) is J-twisted harmonic 
if and only if 

Trgiv' df) = 

(for any hermitian metric g on the Riemann surface L). 
0.2.5 The coupled model system 

This is the third eUiptic integrable system associated to a 4-symmetric space. It can be viewed 
as a coupling between the even model case and the second ellitpic system associated to this 
4-symmetric space (minimal determined system). 

In fact, the elliptic integrable system is a priori written in an afBne context, i.e. its natural - in the sense of 
initial- geometric interpretation takes place in the context of afBne geometry in terms of the afBne connections 
V* = V'*-|-t[ , l[m] ■ If we want that this interpretation takes place in the context of Riemannian geometry we need, 
of course, to add some hypothesis of compactness, like the compactness of AdmGo and the natural reductivity. 
But we do not need these hypothesis if we work in the Pseudo-Riemannian context. 
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0.2.6 The General maximal determined odd system 

The maximal determined system has a geometric interpretation in terms of stringy harmonic 
maps f:L^ {G/Gq,T), with respect to the canonical connection and the canonical almost 
complex structure. 

Stringy harmonic maps. Let {N, J) be an almost complex manifold with V an afRne connec- 
tion then we will say that a map f\L^N from a Riemann surface into N is stringy harmonic 
if it is solution of the harmonic map equation with a JT-term: 

-r,{f) + {J.TUf) = 0. 

We have used the notation J ■ B = -JB(J-, ■), VB G {K^T*N) TN. This action of J on 
VB € {A?T*N)®TN can be written more naturally is {N, J) is endowed with a Hermitian metric 
h. Indeed, in this case, we have an identification, \/B e {A^T*N) ^TN = {k^T*N) T*N C 
(g)^T*N, between TA'^-valued 2-forms on TV and trilinear forms on A'' skew-symmetric w.r.t. the 
2 first variables: B{X, Y, Z) := {B{X, Y),Z). Then J • B is written: 

J-B = B{J-,J-,J-)=:-B''. 

We remark that if T anticommutes with J then stringy harmoniciy coincides with holomorphic 
harmonicity (since in this case J ■ T = JT). Furtermore, we looks for a general geometric 
setting in which the stringy harmonicity has a interesting interpretation. First of all, let us 
remark that in the context of homogonoous reductive space, in which our system takes places, 
we have a canonical connection, with respect to which the stringy harmonicity can be written 
"canonically". But in general we do not have a "special" connection with respect to which one 
can consider the stringy harmonicity. Therefore, if one wants to place stringy harmonicity in a 
more meaningfuU, interesting and fruitful context (than the general context of almost complex 
manifolds endowed with some afhne manifold) and, in so doing, obtain a better understanding 
of our elliptic integrable system by writting its geometric interpretation in the best geometric 
context, a first problem - that we solved - is to find a general class of (almost complex) manifold 
in which there exists some unique "canonical" connection, with respect to which we then could 
consider the stringy harmonicity. This provides us, firstly, some special connection (in the 
same sense that the Levi-Civita connection is special in Riemannian geometry), which solves 
the problem of the choice of the connection, but secondly it turns out that it provides also a 
variationnal interpretation of the stringy harmonicity. 

Best geometric setting It turns out that the more rich geometric context in which stringy 
harmonicity admits interesting properties is the one of t^i -manifolds, more precisely ^?i-manifolds 
whose the characteristic connection has a parallel torsion. Making systematic use of the covariant 
derivative of the Kahler form, A. Gray and L. M. Hervella, in the late seventies, classified almost 
Hermitian structures into sixteen classes. Denoting by W the space of ah trihnear forms (on 
some Hermitian vector spaces, say Ty^N for some reference point yo € N) having the same 
algebraic properties as V^fij. Then they proved that we have a L''(n)-irreducible decomposition 
W = Wi®W2ffiW3ffiVV'4. The sixteen classes are then respectively the classes of almost Hermitian 
manifold for which V'Tij 'lies in' the [/(r7,)-invariant subspaces W/ = ®ie/Wi, / C {1, . . . ,4}, 
respectively. In particular, if we take as invariant subspace {0}, we obtain the Kahler manifolds, 
if we take Wi , we obtain the class of nearly Kahler manifolds. Moreover the class of tJi-manifolds 
is the one defined by Qx = Wi ® W3 ® W4. It is characterised by : (iV, J, h) is of type Qi if and 
only if the Nijenhuis tensor Nj is totally skew-symmetric (i.e. a 3-form). 
In this paper, we prove the following theorem: 



9 



Theorem 0.2 An almost complex Hermitian manifold {N, J, h) admits a Hermitian connection 
with totally skew- symmetric torsion if and only if the Nijenhuis tensor Nj is itself totally skew- 
symmetric. In this case, the connection is unique and determined by its torsion which is given 
by 

T = -dF^j + Nj. 
The characteristic connection is then given by V = V'* — 5T. 
Then we prove that 

Proposition 0.1 Let us suppose that the almost Hermitian manifold {N,J,h) is a Gi-manifold. 
Let us suppose that its characteristic connection V has a parallel torsion VT = 0. Then the 
3- form 

H{X, Y, Z) = T{JX, JY, JZ) = ((J • r)(X, F), Z) 

is closed dH = 0. 

which then gives us the following variational interpretation 

Theorem 0.3 Let us suppose that the almost Hermitian manifold {N,J,h) is a Q\-manifold. 
Let us suppose that its characteristic connection V has a parallel torsion "S/T = 0. 
Then the equation for stringy harmonic maps f : L ^ N is exactly the Euler-Lagrange equation 
for the sigma model in N with a Wess-Zumino term defined by the closed 3-form 

H = -dflj + JNj. 

Moreover any (2A:+l)-symmetric space {G/Go,J, h) endowed with its canonical complex structure 
and a naturally reductive G-invariant metric h (for which J is orthogonal) is ^i-manifold and 
morcovor its characteristic connection coincides with its canonical connection V". Finally, the 
torsion of the canonical connection is obviously parallel. Therefore we obtain an interpretation 
of the maximal determined odd system associated to a {2k + l)-symmetric space in terms of a 
sigma models with a Wess-Zumino term. 

0.2.7 General maximal determined even system, (k' = 2k, m = 2k — 1) 

In the even case, the geometric structure of the target space G/Gq is more complex (and more 
rich): as we have already seen, there is a fibration tt: N = G/Go M = G/H, a splitting 
TN = n®_V with V = kerTT, and a /-structure F such that kerF = V and ImF = TL (in 
particular J := F-^ is a complex structure on H). Moreover the geometric PDE obtained from 
our elliptic integrable system calls for this geometric structure. In particular, this geometric 
PDE splits into its horizontal and vertical parts and can be viewed as a coupling between the 
equation of J-stringy harmonicity and the equation of vertical harmonicity, the coupling terms 
calling out the curvature of H. 

The maximal determined even system has a geometric interpretation in terms of stringy harmonic 
maps f:L^ (G/Gq,F), F being the canonical /-structure on G/Gq. 

Stringy harmonic maps w.r.t. a /-structure. Let {N,F) be a /-manifold with V an afEne 
connection. Then we will say that a map f:L—*N from a Riemann surface into N is stringy 
harmonic if it is solution of the stringy harmonic maps equation: 

-T,(/) + (F.T),(/)=0. 
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where F»B, for B e C{K^T*N®TN), denotes some natural (linear) action of F on C{K^T*N® 
TN). For more simplicity, let us write it in the case {N,F) is endowed with a compatible metric 
h (i.e. V J-H and J is orthogonal with respect to /i|-hxw): 

F.B = B{F-,F-,F-)+F(3{B-B^) 

F(3A = AiF;;-)+A{;F;-)+Ai;;F-) 

for all B,Ae C{A^T*N ®TN). 

Now, we want to proceed as in the case of stringy harmonicity with respect to a complex struc- 
ture. That is to say find a class a /-manifolds for which there exists some unique characteristic 
connection which preserves the structure and then look for a variational interpretation of the 
stringy harmonicity with respect to this connection. 

Best Geometric context. We looks for Riemannian /-manifolds {N, F, h) for which there 
exists metric /-connection V (i.e. WF = and Wh = 0) wiht skew-symmetric torsion T. On a 
first step, we consider metric connections which preserves the splitting TN = V©H (i.e. Vq = 0, 
where q is the projection on V) and characterize the manifolds (N, h, q) for which there exists such 
a connection with skew-symmetric torsion, and call these reductive Riemannian /-manifolds. 
Then saying about a Riemannian /-manifolds {N, F, h) that it is of global type Qi if its extended 
Nijenhuis tensor Np is skew-symmetric, we prove the following theorem: 

Theorem 0.4 A Riemannian f -manifold {N, F, h) admits a metric f -connection V with skew- 
symmetric torsion if and only if it is reductive and of global type Gi ■ Moreover, in this case, for 
any a G C{A^V*), there exists a unique metric connection V with skew-symmetric torsion such 
that T|A3v = Q^- This unique connection is given by 

T = {-d^np + Nf\h^) + Skew($) -I- Skew(Rv) + a. 

where flp = {F-, ■) , <& and Ry are resp. the curvature of 71 and V resp., and Skew the sum of 
all the circular permutations on the three variables. 

On a Riemannian /-manifold {N, F,h), a metric /-connection V with skew-symmetric torsion 
will be called characteristic connection. 

Moreover, we prove that for any reductive Riemannian /-manifold of global type Gi, the closed- 
ness oi H — F • T is equivalent to the closedness of the horizontal 3-form F ■ Np, so that: 

Theorem 0.5 Let iN,F,h) be a reductive Riemannian f -manifold of global type Gi. Let us 
suppose that the horizontal 3-form F ■ Np is closed. Let V be one characteristic connection. 
Then the equation for stringy harmonic maps (w.r.t. "S/ ) f : L ^ N is exactly the Euler- Lagrange 
equation for the sigma model in N with a Wess-Zumino term defined by the closed 3-form 

H = -dVLp + F-Np. 

Contrary to the case of stringy harmonic maps into an almost Hermitian C/i -manifolds, in the 
present case, the hypothesis that the torsion of one characteristic connection is parallel VT — 
does not imply the closedness of the 3-form H — F»T. However, we characterize this closedness 
under the hypothesis VT = by some 3 conditions that we will not explain in this introduction 
(see section I5.5.2P : the horizontal complex structure J is a cyclic permutation of the horizontal 
curvature, the vertical curvature Ry is in the Kernel of the horizontal Nijenhuis 2-form Nj, and 
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the 2-forms Nj and $ have orthogonal supports. 

Moreover any 2/e-symmetric space {G/Go,F,h) endowed with its canonical /-structure and a 
naturally reductive G-invariant metric h (compatible with F) is reductive and of global type 
Qi, and moreover its canonical connection V° is a characteristic connection. Furthermore, the 
torsion of the canonical connection is obviously parallel. Finally, we prove that any 2A;-symmetric 
space {G/Go,F,h) satisfies the three hypothesis above. Therefore we obtain an interpretation 
of the maximal determined even system associated to a 2A;-symmetric space in terms of a sigma 
models with a Wess-Zumino term. 

0.2.8 The intermediate determined systems 

For the intermediate determined systems (rrik' < in < fc' — 1), these are obtained from the 
maximal determined case by adding holomorphicity in the subbundle = ®^=l^~"'[tTij] C H, 
where m = k' — 1 — m. It means that the m-th determined system has a geometric interpretation 
in terms of stringy harmonic maps which are W"-holomorphic: 

0.3 The underdetermined case 

We prove that the m-th underdetermined system (m > fc' — 1) is in fact equivalent to some m-th 
determined or primitive system associated to some new automorphism f defined in a product 
5^+^ of the initial lie algebra g. More precisely, we write 

m = qk' + r, < r < fc' - 1 

the Euclidean division of m by fc'. Then we consider the automorphism in defined by 

f(ai, . . . , ttg+i) e 0«+^ I — > (ttg+i, t(oi), . . . , a,) e £|«+\ 

Then f is of order {q + l)k'. We prove that the initial m-th (underdetermined) system associated 
to (fl, r) is in fact equivalent to the m-th (determined) system associated to (fl'+^,f). 

0.4 In the twistor space. 

For each previous geometric interpretation in the target space N = G/Go, there is a correspond- 
ing geometric interpretation in the Twistor space. Indeed, in the odd case we have a section 
defined by the embedding 

G/Go ^ Z2k+i{G/Go) 

whereas in the even case we have a morphim of bundle over M = G/H defined by the embedding 

G/Go-^22kiG/H). 

The geometric interpretations in the twistor spaces are universal since these twistor space are 
defined for any Riemannian manifold and are endowed canonically with the different geometric 
structure that we need to suppose the target space N to be endowed with, in our previous 

geometric interpretations. 
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Index of notations 



0.5 Generalities 

• Let fc g N. Then we will often confuse - when it is convenient to do it- an element in with 
one of its representants. For example, let (ai)igz^ be a family of elements in some vector space 
E, and < m < k/2 an integer. Then we will write 

fli = a_i 1 < i < m 

to say that this equality holds for all i E {1 + kZ, . . . ,m + kZ} C Z^. 

• Let us suppose that a vector space E admits some decomposition E — (Bi^iEi. Then, for any 
vector V <E E we denote by [v\Ei its component in Ei. 



0.6 Almost complex geometry 

Let E he a real vector space endowed with a complex structure: J S End(-E), — —Id. Then 
we denote by i?^'" and E^'^ respectively the eigenspaces of J associated to the eigenvalues ±i 
respectively. Then we have the following eigenspace decomposition 

E^ - £;i^o © (3) 

and the following equalities 

£;i'0 = kcr( J - ild) = ( J + i\A)E^ 

E^'^ = kcr( J + ild) = ( J - ilA)E^ ^ ' 

so that remarking that (J ± ilA)iE = (Id =F iJ)E = (Id =F iJ)JE = ( J ± ild)E, we can also write 



£^1'° = ( J + iId)S ^ (Id - i J)S = - iJX, X (^E} 
( J - ild)£: = (Id + iJ)E = {X + iJX, X e E} 



(5) 



In the same way we denote by 

{E*f = El, e El, 

the decomposition induced on the dual E* by the complex structure J* : r] e E* ^ rjj e E* . 
Besides, given a vector Z G E^, we denote by 

its decomposition according to ([3]). Let us remark that 

^ (Id - iJ)Z and = (Id + iJ)Z. 

Moreover, given rj a n-form on E, we denote by r]^P'i^ its component in A^-^i?* according to the 
decomposition 

A'^E* =®p+,^nAP-'^E*, 

where AP'«£;* = (AP£^i*o) A (A9£:^i). However for 1-forms, we will often prefer the notation 
rj = rj' + rj", where rj' and 77" denote respectively yy^^'O) and ri^°'^\ 

More generally, all what precedes holds naturally when i? is a real vector bundle over a manifold 
M, endowed with a complex structure J. 
We will write 

d = d + d 
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the decompostion of the exterior derivative of differential forms on an almost complex manifold 
(M, J), according to the decomposition TM*^ = T^'^M ® T^'^M. 

In this paper, we will use the following definitions. 

Definition 0.1 Let E be a real vector bundle. A f -structure in E is an endomorphism F E 
C(Endi?) such that + F ~ 0. An f -structure on a manifold M is a f -structure in TM . 

An /-structure F in a vector bundle E is determined by its eigenspaces decomposition that we 
will denote by 

E^ = E+ ®E- (S E° 

where E^ = ker(F =F ild) and E" = keri^. In particular if E = TM, then we will set T*M = 

{TMY, \/i e {o,±i}. 

Definition 0.2 Let {M, J*^) be an almost complex manifold and N a manifold with a splliting 
TN ~ H ® V. Let us suppose that the subbundle TL is endowed with a complex structure J^. 
Then we will say that a map /: (Af, J*^) N is H-holomorphic if it satisfies the equation 

[dfroj'' = j^[dfr, 

where [d/]'^ is the projection of df on H along V. Moreover, if for some reason, Ti inherits the 
name of horizontal subbundle, then we will say that f is horizontally holomorphic. 



This situation occurs for example if N is endowed with a /-structure F which leaves invariant 
Ti. and F^-j-^ is a complex structure (i.e. T'^N OH ^ {0}). 

1 Invariant connections on reductive homogeneous spaces 

The references for this section where we recall some results that we will need in this paper, are 
[33], [35], [10], and to a lesser extent [25] and [1]. 

1.1 Linear isotropy representation 

Let M — G/H he a homogeneous space with G a Lie group and H a closed subgroup of G. G 
acts transitively on M in a natural manner which defines a natural representation: 0: g E G ^ 
{4>g : p e Af I— > g.p) e DifT(M). Then ker0 is the maximal normal subgroup of G included in H. 
Further, let us consider the linear isotropy representation: 

p: h e H ^ dMPo) GL{Tp,M) 

where po = l.H is the reference point in M. Then we have kerp D ker0. Moreover the linear 
isotropy representation is faithful (i.e. p is injective) if and only if G acts freely on the bundle of 
linear frame L{M). 

We can always suppose without loss of generality that the action of G on M is effective (i.e. 
ker(/) — {1}) but it does not imply in general that the linear isotropy representation is faithful. 
However if there exists on Af a G-invariant afiine connection, then the linear isotropy represen- 
tation is faithful provided that G acts effectively on Af. (Indeed, given a manifold M with an 
afHne connection, and p S Af, an affine transformation of Af is determined by {f {p) , df {p)) , i.e. 
/ is the identity if and only if it leaves one linear frame fixed) . 
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1.2 Reductive homogeneous space 

Let us suppose now that G/H is reductive, i.e. there exists a decomposition g = [)®tn such that 
m is Adi?- invariant: V/i € H, Ad/i(m) — m. Then the surjective map C G ^-Po S Tp^M has [) 
as kernel and so its restriction to m is an isomorphism m = Tp^M . This provides an isomorphism 
of the associated bundle G X// m with TM by: 

[5,C]^5-(ePo) = Ad5(C).p (6) 

where p ^ Tr{g) ^ g.pQ. 

Moreover, we have a natural inclusion G Xh m i-^ G Xh Q and the associated bundle G X/f g is 
canonically identified with the trivial bundle M x q via 

[5,^]^(7r(g),Ad5(0)- (7) 

Thus we have an identification of TM with a subbundle [m] of M x g, which we may view as a 
g-valued 1-form /3 on M given by: 

Ppitp) = Ad5[Ad5-i(0]m, 

where n{g) = p,£, € g and [ ]m is the projection on m along [). Equivalently, for all X G TpM, 
P{X) is the unique element ^ £ [m]p (= Adg(m), with Tr{g) = p) such that X = ^.p, in other 
words l3{X) is caracterized by 

f3{X)e[m]pCs and AT = . 

In fact, l3 is nothing but the projection on M of the i/-equivariant 1-form on G, 9m (i.e. 6'n, 
is the iJ-equivariant lift of (3), defined as the m-component of the left invariant Maurer-Cartan 
form of G, which can be written 

{7r*P)g = Adg{em) ^geG (8) 

with eg{£,g) = g-\^g iOV g£G,^g£ TgG. 

Notation For any Adif -invariant subspace [ C m, we will denote by [I] the subundle of [m] C 
M X g defined by [l]g.pQ = Ad,g(l). 

1.3 The (canonical) invariant connection 

On a reductive homogeneous space M — G/H, the Ad(i/)-invariant summand m provides by 
left translation in G, a G-invariant distribution T-L{vn), given by T-L{xn)g = g.m. which is horizontal 
for it: G ^ M and right i/-invariant and thus defines a G-invariant connection in the principal 
bundle tt : G — > M. In fact this procedure defines a bijective correspondance between reductive 
summands m and G-invariant connections in tt: G ^ M (see [33], chap. 2, Th 11.1). Then 
the corresponding f)-valued connection 1-form w on G (of this G-invariant connection) is the 
f)-component of the left invariant Maurer-Cartan form of G: 

w = 6'[,. 

1.4 Associated covariant derivative 

The connection to induces a covariant derivative in the associated bundle G x h m TM and 
thus a G-invariant covariant derivative V° in the tangent bundle TM . In particular, we can 
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conclude according to section [LT] that \{G/H is reductive then the linear isotropy representation 
is faithful (provided that G acts effectively) or equivalently that ker Ad^ = kerp = ker0. We will 
suppose in the following that, without explicit or implicit reference to the contrary, the action 
of G is effective and (thus) the linear isotropy representation is faithful. 
One can compute explicitely V°. 

Lemma 1.1 [10] 

P{V\Y) - X.p{Y) - [/3(X), /3(y)], X, r G r(TM). 

Let us write (locally) 13{X) = AdJ7(Xm), piY) = KAUiYm) where C/ is a (local) section of tt and 
ATm, Ym G C°°(M, m) then we have (using the previous lemma) 

I3{^\Y) = kdU{dYr.{X) + [a{X),Y^]-[X^,YJi) 

= MU{dY^(x) + K(x),y„] + K(x) -x„„y„,]) 

where a — U~^.dU. Besides since J7 is a section of tt (tt o U = Id), then pulling back ([8]) by U, 
we obtain /? = AdU{atn) and then amiX) — X^, so that 

f3{V°xY)=AdU{dY^{X) + [a^{X),Y^]) (9) 



Remark 1.1 We could also say that Xm,Ym are respectively the pullback by U of the H- 
equivariant lifts X,Y of X,Y (given by /?(A'^(g)) = Adg{X{g))). 
Then V^J^-F lifts as the m-valued if-equivariant map on G: 

^dY{X) + [9^{X),Y] 

and then taking the J7-pullback we obtain the previous result (without using lemma [LT]) . 
Moreover, we can express V" in term of the fiat differentiation in the trivial bundle Mxq (d [m]). 
Let us differentiate the equation Y — AdU{Ym) (we do the identification TM = [m] C M x g) 

dY = AdU {dYm + [a, Yr^]) = AdU (dY^ + [a„, FJ) + AdU {{[am,Y^])) ^ V°Y + [/?, Y]. 

Finally, 

dY :^V°Y +[f3,Y] (10) 

and we recover lemma flTTl 

1.5 G-invariant afRne connections in terms of equivariant bilinear maps 

Now let us recall the following results about invariant connections on reductive homogeneous 
spaces. 

Theorem 1.1 [33] Let np: P ^ M be a K -principal bundle over the reductive homogeneous 
space M = G/H and suppose that G acts on P as a group of automorphisms and let <E P be 
a fixed pont in the fibre of po £ M ('Kp{uq) — po). There is a bijective correspondance between 
the set of G-invariant connections uj in P and the set of linear maps Am : m ^ t such that 

Am{hXh-^) ^ X{h)Am{X)X{h)-^ for X em and he H (11) 
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where X: H ^ K is the morphism defined by Huq = uoX{h) (H stabilizes the fibre Ppg = uq.K). 
The correspondance is given by 

A{X)^LUu,{X), yxeg (12) 

where X is the vector field on P induced by X (i.e. Vu G P, <f)f{u) — exp(iX).uJ and A: g ^ 6 
is defined by A|m = and A|f, — A (hence completely determined by Km). 

Corollary 1.1 In the previous theorem, let us suppose that P is a K -structure on M = G/H , 
i.e. P is a subbundle of the bundle L{M) of linear frame on M with structure group K C 
GL{n, M) = GL(m) (we identify as usual m to Tp„M by i-^ ^-Po, o^nd Tp^M to M" via the linear 
frame uq £ P C L(M) ). Then in terms of the G-invariant covariant derivative V corresponding 
to the G-invariant affine connection in P, to, the previous bijective correspondance may be given 
by 

A{X){Y)^V^Y 

where X,Y are any (local) left G-invariant vector field extending X,Y i.e. there exists a local 
section of n: G — > M , g: U C M ^ G such that X = Adg(p)(X).p. 

Remark 1.2 In theorem 11.11 the G-invariant connection in P defined by A^ = is called 
the canonical connection (with respect to the decomposition g = f) + m). If we set P{M,K) = 
G{G/H, H) with group of automorphisms G, the G-invariant connection defined by the horizontal 
distribution H(m) is the canonical connection. 

Now, let P be a G-invariant if-structure on M = G/H as in corollary 11.11 Let P' be an G- 
invariant subbundle of P with structure group K' C K ^ then the canonical connection in P' 
defined by A^ = is (the restriction of ) the canonical connection in P which is itself the 
restriction to P of the canonical connection in L{M). In particular, if we set P' = G.ug, this 
is a subbundle of P with group H, which is isomorphic to the bundle G{G/H,H). Then the 
canonical affine connection in P' corresponds to the invariant connection in G{G/ H, H) defined 
by the distribution 7i(m). 

Theorem 1.2 Let P C L{M) be a K -structure on M ~ G/H . Then the canonical affine 
connection (Am = 0^ in P defines the covariant derivative in TM (obtained from 7i(m) in 
the associated bundle G x h m = TM). Moreover there is a bijective correpondance between the 
set of of G-invariant affine connections on M , V, determined by a connection in P, and the set 
of linear maps Am : m ^ t C gt(^) such that 

AmihXh-^) ^ Adm{h)Am{X)Admih)-^ yx em,yhe H, (13) 

given by 

V = V° + Am 

i.e. VxY = '^x^ + Am{X)Y for any vector fields X, Y on M , where with the help of I113\} we 
extended the Ad{H)-equivariant map A^ : m x m ^ m the bunlde G Xh m = TM to obtain a 
map Am : TM x TM TM. 

Example 1.1 Let us suppose that M is Riemannian (i.e. Ad^H is compact and m is endowed 
with an AdH invariant inner product which defines a G-invariant metric on M) and let us take 
P = 0{M) the bundle of orthonormal frames on M , the previous correspondance is between 
the set of G-invariant metric affine connection and the set of Ad{H)-equivariant linear maps 
Am : tn — > 5o(m). 

In particular the canonical connection is metric (for any G-invariant metric on M). 
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Theorem 1.3 • G-invariant tensors on the reductive homogeneous space M = G/H (or more 
generally G-invariant sections of associated bundles) are parallel with respect to the canon- 
ical connection. 

• The canonical connection is complete (the geodesies are exactly the curves Xt = exp(tX).po, 

for X e m^. 

• Let P he a G-invariant K -structure on M = G/H, then the G-invariant connection defined 

by A: m ^ 6 has the same geodesies as the canonical connection if and only if 

A^{X)X = 0, yx em 

Theorem 1.4 The torsion tensor T and the curvature tensor R of the G-invariant connection 
corresponding to Am is given at the origin point pq as follows: 

1. T{X, Y) AmiX)Y - AmiY)X - [X, YU, 

2. RiX,Y) = [AmiX),Am{Y)] - Am{[X,YU) - admi[X,Y]^), 
for X,Y em. 

In particular, for the canonical connection we haveT{X,Y) — —[X,Y]m and R{X,Y) — —adm{[X,Y]t,), 
for X,Y e m; moreover we have VT = 0, Vi? = 0. 

1.6 A Family of connections on the reductive space M 

We take in what precede (i.e. in section [T75l) P = L(M). Then let us consider the one parameter 
family of connections V* , < t < 1 defined by 

Al{X)Y = t[X,Y]m, 0<t<l. 

For t = 0, we obtain the canonical connnection V°. Since for any t G [0,1], A\^{X)X — 0, 
VX G m, V* has the same geodesies as V° and in particular is complete. The torsion tensor is 
given (at po) by 

T*(x,r)-(2i-i)[x,r]„. (14) 

In particular V 5 is the unique torsion free G-invariant afhne connection having the same geodesies 
as the canonical connection (according to theorems 11.31 and 11.41) . 

If M is Riemannian, then let us take P = 0{M), then V' is metric if and only if A^ takes values 
in t = so(m) if and only if (for t ^ 0)M is naturally reductive (which means by definition that 
\fX £ m, [X, -Jot is skew symmetric). Now (still in the Riemannian case) let us construct a family 

met 

of affine connections, V*, < t < 1, which are always metric: 

met 

v*=v" + t([, 

where U'^ : TM ® TM TM is the naturally reductivity term which is the symmetric bilinear 
map defined bjH 

{U'' (X, Y),Z)^{ [Z, X] , Y) + (X, [Z, Y] [„] ) (15) 

met 

for all X, y, Z G [m]. Since U^^ is symmetric, the torsion of V* is once again given by 

T\X,Y) = {2t-l)[X,Y\m] 
^U^^ is the AdiZ-invariant extension of W" : m ffi m ^ m, its restriction to m ffi m. 
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met met 

and thus V2 is torsion free and metric and we recover that V2 is the Levi-Civita connection 



met 

yi ^ yL C._ 

met 

Obviously if Mis naturally reductive then V* = V*, Vt 6 [0,1]. Moreover if Mis (locally) 
symmetric, i.e. [m, m] C [}, then all the connections coincide and are equal to the Levi-Civita 

met 

connection: V* = V* = V" = V^-^-. 

Remark 1.3 is interesting since it is nothing but the flat differentiation in the trivial bundle 
M X 2 followed by the projection onto [m] (along [[}]) (see remark[TTT]). So this connection is very 
natural and following [1], we will call it the anticanonical connection. 

1.7 Differentiation in End{T{G/H)) 

According to section [1^2} we have 

End(r(G/iJ)) ^Gxh End(m) C (G/H) x End(0), 

the previous inclusion being given by [g, A] i-^ (7r(g), AdgoAoAdg^^) and we embedd End(tn) in g 
by extending the an endomorphism in m by in [}. In other words End(T(G/-ff)) can be identified 
to the subbundle [End(m)] of the trivial bundle {G/H) x End(0), with fibers [End(m)]g.pg = 
End(Adg(m)) = Ad5(End(m))Adg-i = Ad5(End(m) {Q})Mg-^. 

Now, let us compute in terms of the Lie algebra setting, the derivative of the inclusion map 
3: End(T(G/i/)) M x End(0) or more concretely the flat derivative in M x End(5) of any 
section of End(T(G/if)); to do that, we compute the derivative of 

3: (g,^m) e G X End(m) i — > {g-Po, Adg o o Ad^"^) e Af x End(g), 

we obtain 

d3{g, A^) = {Adg{e^) . 7r(g), Ad^ {dAm + [ad^, A^]) Adg-^) . 
Then let us decompose the endomorphisms in g by blocs (following g = f) m): 

-^<») -~ r^f) ^ <-) 

and by regrouping terms, we obtain the following splitting 

End(0) = End(m) (End(m, f]) End(t), m) End(())) , 

which applied to d3{g,Am), gives us the decomposition 

d3{g,A„) = {0, Adg{dA^ + [&d^e^,A^] + [[&dM^,A,„])Adg-'^) (17) 
+ {Adg{e^) .7T{g), Adg([adna6im][, - o ad|,6im) Adg"^) . 

The first term is in the vertical space ^^(^g a^) — Ad(7(End(m))Ad5^^ = End(T^(g)Af) and the 
previous decomposition |[T7|) provides us with a splitting TEnd(M) = V07Y = 7r2^(End(M))0H, 
i.e. a connection on End(M). Let us determine this connection: we see that the projection on the 
vertical space (along the horizontal space) corresponds to the projection on [End(m)] following 
(fTBl) so that according to remark [L3l we can conclude that the horizontal distribution Ti. defines 
the connection on End(rM) = TM* <Si TM. 
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Remark 1.4 We can recover this fact directly from the first term of (fT?!) and the definition of 
V^. Indeed, first recall that given two afiine connections V, V on M, we can write V = V + i^, 
where is a section of TM* ® End (TM), and then for any section A in End (TM), 

VA = VA+[F,A]. 

Besides — V° + [ , J^^^j, and moreover if we write (locally) A — {Tr{U), AdU o A^ o AdU^^) 
where C/ is a local section of tt and G C°°(M, End(m)), then according to |(9]), 

= AdU {dA„ + [admat, ,A^]), (18) 

so that we conclude that 

^ AdU (dAn + [ad^a,,, An] + [[ad^amU, A^]) AdU'^ 

which is the (pullback of) the first term of lfT7|) . 

Furthermore if G/H is (locally) symmetric (i.e. [m, m] C [}), then \/^ '^- = V° = and in 
particular 

V^-^ A = AdU {dAr^ + [ad„a„ , A^^]) . (19) 
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2 m-th elliptic integrable system associated to a /c'-symmetric 
space 

2.0.1 Definition of G"^ (even when r does not integrate in G) 

Here, we will extend the notion of subgroup fixed by an automorphism of Lie group to the 
situation where only a Lie algebra automorphism is provided. Indeed, let r: G ^ G be a Lie 
group automorphism, then usually one can define G'^ = {5 £ G| T{g) — g} the subgroup fixed 
by T. Now, we want to extend this definition to the situation where we only have a Lie algebra 
automorphism, and so that the two definitions coincide when the Lie algebra automorphism in- 
tegrates in G. 

Let g be a Lie algebra and r : g — > g be an automorphism. Then let us denote by 

flo = g":={eeg|r(0-a (20) 

the subalgebra of g fixed by r. Let us assume that r defines in g a r-invariant reductive decom- 
position 

g = go©n, [go,n]cn, r(n) = n. 

Without loss of generality, we assume that go does not contain non-trivial ideal of g, i.e. that 
ad^: go ^ sK'^) injective (the kernel is a r-invariant ideal of g that we factor out). We then 
have 

00 = {C e el T\n o adnC o = adn<^} (21) 

Let G be a Lie group with Lie algebra g. Then since go satisfies: G go, ad^(n) = n and 
Tn o adn^ o r,7^ = adn^ , then the (connected) subgroup Gg generated in G by go satisfies: 
Vg e G[!, Adg(n) = n and Tn o Adn5 ° = Adnff. 
Now, let us consider the subgroup 

Go = {g G G| Adg{n) = n and o Adng o t^^ = Adng}. 

Then Go is a closed subgroup of G and Go D Gj], so that Lie Go D go- Conversely, differentiating 
the second relation defining Go, we obtain, according to l(2T|) . LieGo C go and thus Lie Go = go, 
and Gg = (Go)°. 

Moreover, without loss of generality, we will suppose that Go does not contain non-trivial normal 
subgroup of G, i.e. that AdnGo GL{n) is injective (see section [1]). Now, we want to prove 
that if T integrates in G, then we have Go = G'^, where G'^ is the subgroup fixed by r: G ^ G. 
First, we have Vf/ G G"^, Adg{n) = n and Tn o Adn(? o t^^ = AdT(g)|n = Adng, thus G"^ C Go. 
Conversely, Vi? G Go, Adng = Tn o Adng ° — AdT{g)\„ = AdnT(g) and thus g — T{g) since 
Adn: Go GL{n) is injective. We have proved G^ = Go. This allows us to make the following: 

Definition 2.1 Let q be a Lie algebra and t: g ^ g be an automorphism, and G a Lie group 
with Lie algebra g. Let us assume that t defines in q a r-invariant reductive decomposition: 
g = go ffi ri- Then we will set 

G"^ := {g G G| Adg(n) = n and t„ o Ad„g o t^^ = Adn^}. 

Let us conclude this subsection by some notations: 

Notation and convention In all the paper, when a Lie algebra g and an automorphism t will 
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be given, then go will denote the Lie subalgebra defined by l(20|) . G will denote a connected Lie 
group with Lie algebra q and Gq C G a closed subgroup such that (G"^)" C Go C G"^ (which 
implies that its Lie algebra is go)- 

Moreover, without loss of generality, we will always suppose that go does not contain non-trivial 
ideal of g - we will then say that (g, go) is effective - and also suppose that G"^ does not contain 
non-trivial normal subgroup of G (by factoring out, if needed, by some discrete subgroup of G). 
Consequently, when t can be integrated in G, then G"^ will coincide with the subgroup of G fixed 
by r: G^ G. 

2.1 Finite order Lie algebra automorphisms 

Let g be a real Lie algebra and r: g ^ g be an automorphism of order k' . Then we have the 
following eigenspace decomposition: 

where is the e^^^^^^ -eigenspace of r. 
We then have to distinguish two cases. 

2.1.1 The even case: k' = 2k 

Then we have Qq = (go)"'- Moreover let us remark that 

0^-0-,, yjez/k'z. (22) 

Therefore g^ = 0^^ — 3k so that we can set g^ = (gjt)"' with 

0fc = Ue0|r(O = -a- 

Moreover, owing to l|22p . we can define vrij as the unique real subspace in g such that its com- 
plexified is given by 

= &f © 9-j for j + 0, k, 
and n as the unique real subspace such that 

JGZ',\{0} 

that is n = (©j^j^trij) ® g^. In particular r defines a r-invariant reductive decomposition g — 
go ffi n. 

Hence the eigenspace decomposition is written: 

0^ = (0^(fc-i) ® • ■ • © 0-i) © 00 ® (0? ® ■ • ■ © 0fe-l) © 0fc 
so that by grouping 

0" = 0^©0^©Kti^m,^] 
= f)^ ® 

where I) = go © gfe and m = ©^Zj'^mj. Considering the automorphism ct = r^, we have f) = g"^ 
and g = f) © m is the reductive decomposition defined by the order k automorphism cr. Without 
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loss of generality, and according to our convention applied to g and a, we will suppose in the 
following that (g, f)) is effective i.e. [} does not contain non trivial ideal of g. This implies in 
particular that (0,0o) is also effective. 

Now let us integrate our setting: let G be a Lie group with Lie algebra g and we choose Go 
such that (G'^)^ C Go C G"^. Then G/Gq is a (locally) 2fc-symmetric space (it is globally 2k- 
symmetric if r integrates in G) and is in particular a reductive homogeneous space (reductive 
decomposition = flo © n). 

Moreover since ct = is an order k automorphism, then for any subgroup H, such that {G'^)° C 
H <Z G" , G/H is a (locally) /c-symmetric space. In all the following we will always do this choice 
for H and suppose that H D Go (it is already true up to covering since f) D go) so that N = G/Gq 
has a structure of associated bundle over M — G / H with fibre H/Gq: G/Gq = G Xh H/Gq. 
We can add that on f), r is an involution: (T|f,)^ = Idf,, whose symmetric decomposition is 
f) — 00 ffi flfe, and gives rise to the (locally) symmetric space H/Gq. The fibre H/Gq is thus 
(locally) symmetric (and globally symmetric if the inner automorphism IntT|,.n stabiHzes kdmH). 
Owing to the effectivity of (g, f)), we have the following caracterisation: 

00 - Ue f)|[ad„,e,^|m] =0} (23) 
0fc = f)|{adn,C,r|„} = 0} (24) 

{} being the anticommutator. 

Besides {^mY is an involution hence there exists two invariant subspaces, sum of tn^'s, m' and 
m", such that 

{t\J)^ = -Idm- ® Idm" 

with m' = ffijJo "^2i+i and m" = ®j=i "^2^, or in other words 

m'^= ker(T~zId), m"^ = ker(T-zId). 

= —1 — I 

z^-1 z^±l 

At this stage, there is two possibilities: 

• if tn" — then (t|,t^)'^ = — Idm and T\m admits eigenvalues only on the set {z*^ = —1, z ^ — 1}- 

• if m" 7^ then {T^mY 7^ —Idm and admits eigenvalues in both the sets {z*' — \,z ^ ±1} 

and {z^ = -1, z ^ -1}. 

These two cases give rise to two different types of 2fc-symmetric spaces (see section [STS]) . 

Now, let us suppose that M — G/H is Riemannian (i.e. Adm-ff is compact) then we can choose 
an Adi/-invariant inner product on m for which T\m is an isometry (see the Appendice for the 
proof of the existence of such a inner product). We will always do this choice. Therefore, r|m is 
an order 2k isometry. We will study this kind of endomorphisms in section [3l 
Moreover, let us remark that if G/H is Riemannian then so is G/Gq. Further, since the elliptic 
system we will study in this paper is given in the Lie algebra setting it is useful to know how 
the fact that G/H is Riemannian can be read in the Lie algebra setting. In fact, under our 
hypothesis of effectivity, G/H is Riemannian if and only if f) is compactly embedded in 0. 
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2.1.2 the odd case: fc' = 2fc + 1 

As in the even case we have gg = (flo)"' and — g'^j, Vj e Z/fc'Z. Then we obtain the following 
eigenspace decomposition: 

0^ - (fl-fe © • • ■ ® 0-i) © 00 ® (S? ® ■ • • ® flfe) , (25) 
which provides in particular the following reductive decomposition: 

= 00 ffi m 

with m = ©j^itTij and mj is the real subspace whose the complexified is = B-j^sf- According 
to our convention, we suppose that (g, go) is effective. 

Then, as in the even case, integrating our setting and choosing Go such that (C^)" C Go C 
G"^, we consider N — G/Gq which is a locally {2k + l)-symmetric space and in particular 
a reductive homogeneous space. Moreover, the decomposition (|25|) gives rises to a splitting 

TN^ = TI'OA^ ® TO'I^V defined by 

= (®,tj0s,]) ® {(Bum 

This splitting defines a canonical complex structure on G/Gq, that we will denote by J. 
Moreover, we have the following caracterisation 

00 = {C e 0|[adm?,T|m] = 0}. 

Let us suppose that N = G/Go is Riemannian then the subgroup generated by AdmGo and 
is compact (because r^^Admg — Admg, Vt? G Go, and Tm is of finite order) and thus we can 
choose an AdGo -invariant inner product in m for which T|m is an isometry. We will always do 
this choice (when N is Riemannian). 

2.2 Definitions and general properties of the m-th elliptic system. 
2.2.1 Definitions 

Let r: ^ g be an order k' automorphism with k' € N* (if k' = 1 then r = Id). We use the 
notations of l2.1l Let us begin by defining some useful notations. 

Notation and convention Given / C N, we denote by nj6/0ji the product Oje/ 0^modfe'- In 
the case J2jei mod k' ^ direct sum in g"-, we will identify it with the previous product via 
the canonical isomorphism 

(a,),e/^^a„ (27) 
and we will denote these two subspaces by the same notation ®je/0j . 

Now, let us define the m-th eUiptic integrable system associated to a fc'-symmetric space, in the 
sense of Terng [38] . 
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Definition 2.2 Let L be a Riemann surface. The m-th {q,t) -system (with the {—) -convention) 
on L is the equation for {uq, . . . , Um), (1, 0)-type 1-form on L with values in Iljlo S-j- 



duj + [ui A Ui+j] = {Sj), if ^ < j 1^ 

m (Syst) 
duo + duo + ^^[uj Auj] = {So) 



3=0 

It is equivalent to say that the 1-form 



ax^^X 'uj + X^Uj = ^ X^a-j (28) 

j=0 j = -m 

satisfies the zero curvature equation: 

dax + ^[ax A ax] = 0, yXeC*. (29) 

Definition 2.3 Let L be a Riemann surface. The m-th {G,T)-system (with the {-\-) -convention) 
on L is the equation ('Syst^ as in deftnition \2.2\ but for {uq, . . . , Um), (1, 0)-type 1-form on L with 
values in Ojlo flj 
It is equivalent to say that the 1-form 

j=0 j = -rn 



satisfies the zero curvature equation 

Remark 2.1 The difference between the two conventions is that in the first one a\ = X^jlo ^~'''^3 
involves negative powers of A whereas in the second one a\ involves positive powers of A (in other 
words a'!_j — 0, for j > 1 in the first one whereas a" = 0, for j > 1 in the second one). In fact 
the second system is the first system associated to and vice versa. 

The first convention is the traditional one: it was used for harmonic maps into symmetric space 
(see [12]) and by Helein-Romon [211 HH 113 for Hamiltonian stationary Lagrangian surfaces in 
Hermitian symmetric space - first example of second eUiptic integrable system associated to a 
4-symmetric space. Then the tradition was perpetuated in [28 ^ l29 | [30]. Terng [38j, herself, in 
her definition of the elliptic integrable system uses also this convention. However in [7], this is 
the second convention which is used. 

The (+)-convention is in fact the most natural, as we will see, since it uses the automorphism 
T whereas in the (— )-convention, this is the automorphim r^^ which appears in the geomet- 
rical interpretation. But the (-l-)-convention leads to several changes like for example in the 
DPW method p2|, we must use the Iwasawa decomposition AG^ = AGr-AgG"^ instead of 
AG^ = AGr.AgG^ and in particular the holomorphic potential involves positive power of A 
instead of negative one as it is the case traditionally. We decided here to continue to perpetuate 
the tradition as in [30j and to use the first convention. So in the following when we will speak 
about the m-th elliptic integrable system, it will be according to the definition! 



instead of YYJLo 0- 
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Notation Sometimes, when it will be necessary to do precision we will denote (Syst) either by 
(Syst(m, t)), (Syst(TO,T)) or simply by (Syst(TO)) depending on the context and the needs. 
For shortness we will also often say the (to, g, r)-system instead of the TO-th (g, r)-system. We 
will also say the TO-th elliptic (integrable) system associated to (the fc'-symmetric space) G/Gq. 
We will say that a family of 1-forms (aA)AeC* (denoted by abuse of notation, simply by a\) is 
solution of the (to, g, r)-system (or of (Syst)) if it corresponds to some solution u of this system, 
according to l(28|) . Therefore a\ is solution of the (to, g, T)-system if and only if it can be written 
in the form (|28|) . for some (l,0)-type 1-form u on L with values in YlJLoS-j^ satisfies the 
zero curvature equation (l29l) . 



Definition 2.4 Let us set my 



fc' + l 



kifk' = 2k 

if k > 1, ana toi — 0. 

k + lifk' = 2k+l 



2 

Concerning the m-th {G,t) -system, we will say that: 

- we are in the primitive case (or that that the system is primitive) if < m < ruk' , 

- in the determined case (or that that the system is determined) if my <m<k' — l, 

- and in the underdetermined case (or that that the system is underdetermined) ifm > k' — 1. 
Moreover, the determined system of minimal order my will be called "the minimal determined 
system ", and the one of maximal order k' — 1 will be called "the maximal determined system ". 

Let us consider the g- valued 1-form a aA=i- Then we have a = Jlo + according to 
(|28l) which is equivalent to a' = J^JLo ^J ' ^iiice a is g- valued. 

• In the primitive and determined cases (m < fc' — 1), X]j=o fl-j is a direct sum so that u = 
{uq, . . . , Um) and X^Jlo % ~ '^^^ identified via l(27|) and according to our convention. We 
will then write simply u — a' . In particular we have 

Uj = a'_j \f j, < j < m 

with aj := [a]g^ Vj G Z/fc'Z. Hence in the primitive and determined cases the TO-th {G,t)- 
system can be considered as a system on a. Consequently, we can recover a\ from a and we will 
speak about the "extended Maurer Cartan form" a\ which is then associated to a by 

m m 

according to l(28l) . 

• In the underdetermined case, X^Jlo S-j '^^^ ^ direct sum so that to a given a (coming from 
some solution a\ of the TO-th (G, r)-system, according to a = ax=i) there are a priori many 
(other) corresponding solutions u = (mq, . . . , Um) since 

\fj e Z/k'Z, = Ui. 

j=j[fe'] 

In fact, we will prove that there are effectively an infinity of other solutions satisfying the con- 
dition a\=\ = a (see 12.51 for a begining of explanation). 

2.2.2 The geometric solution 

The equation ((29l) (as well as (l28l) ) is invariant by gauge transformations by the group C°°{L, Go): 

Uo-ax^AdU^^ax~dUo.Ur;\ 
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where Uq € C°°{L,Gq). This allows us to define a geometric solution of (Syst) as a map 
f:L^ G/Gq which can be lifted (locally, i.e. in the neighbourhood of each point in L) to some 
U : L G (defined locally, on the neighbourhood under consideration) such that U^^.dU — a\=i 
for some solution a\ of (Syst) (on the neighbourhood under considerationj^. 

Now, to simplify the exposition, let us suppose that L is simply connected (until the end of 
I2.2.2p . Then {a\)\izc* ^ a = a\=i is a surjective map from the set of solution of (Syst) to the 
set of Maurer-Cartan forms of lifts of geometric solutions. According the discussion at the end of 
subsection 12.2. 11 this map is bijective in the primitive and determined case {m < k' — 1) and not 
injective in the underdetermined case {m > k' — 1). By quotienting by C°°{L,Go), we obtain a 
surjective map tt™ with the same properties, taking values in the set of geometric solutions. 

Let us precise all that. We suppose, until the end of this subsection, that the automorphism 
t: Q ^ g is fixed (so that the only data which varies in the (m, g, T)-system is the order m). 
First, let us give an explicit expression of the space S{m) of solutions a\ of the system (Syst(m)), 
i.e. the solutions of the zero curvature equation (l29l) . which satisfies the equality (l28l) for some 
(1, 0)-type 1-form m on L with values in YVJLo S-j- ^'^ that, we want to express the condition 
(to be written in the form) (l28l) as a condition on the loop a,: X £ ax ^ 

dJHl) <^ (a. e Am9r and a', e A^g^) (31) 

where 

Afl. = {v,&H\S\g)\v^x^T(rjx),yXeS'} 

\j\<,n 

A-0^ = {ry.e A0^|7yA = 5]A^f7,} 

and w is a k'-th root of unity; so that 

S{m) = {a,eC{T*Li»A,nQT)\a',eA~Q'^ and da, + ^[a, A a,] ^ 0}. (32) 

Let us remark that the condition a', G A^g^ can be interpretated as a condition of C-linearity. 
Indeed, the Banach vector space Aqt/Qo is naturally endowed with the complex structure defined 
by the following decomposition 

(Ag,/go)^ = A0^/0^ = A;0,®A+0,, (33) 

where Af^r = {V' ^ A0I^|?7a = J2j^o^''Vj}- Then the condition a', e A^0^ means that 
[oi',]* '■ TL (A0^/go)^ is C-linear, where [ ]* denotes the component in A,0t- = {rj, G AgrlV)^ — 
'Ej^o^^Vj} = A0^/0o. 

Now let us integrate our setting. Firstly, let us define the twisted loop group 

AGr = {U, e H\S\G)\U^x ^r(Ux)}. 

^Our study, in the present paper, is local so one can suppose (when it is necessary to do) either that L is im- 
plicitely simply connected or that all lifts and integrations are done locally. We consider that these considerations 
are implicit and will not precise these most of the time. 

^Remark that a, determines {ctx)x£C*j when this latter satisfies H28|l . 
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Then, let us set 

= {U.: AGr\Ux{0) = 1, VA € S^;ax := U^\dUx is a solution of (Syst(TO))} 
£r {[/: i ^ G\3U, e £"\ U = Ui} 

g"' = {f: G/Go geom. sol. of (Syst(m)), /(O) = I.Gq} 

gT - {/. = ^0/00°;^., c^. e^™} 

The space of geometric solutions is obviously obtained from the space of extended geometric 
solutions g^ by C/™ — CJ™. Moreover S{m) ~ f ™ is determined by t/™ because of the gauge 
invariance: £{m).JC C £{m) where /C = C^°°(L,Go) = {U ^ C°°(L, Go)|C/(0) = 1} so that we 
can write C/™ = £{m)/lC. Consequently, we have also fj™ — E"^ /K. 
Finally, we obtain the following diagram 

S{m) > '"^ > £™//C 

1 ' 1 1 -1- 

5(m)i ) > £:{"//C 

Then TTm is bijective for m < k' — 1 and not injective for m > k' — 1. Therefore, in the primitive 
and determined case, we can consider that (Syst(TO)) is a system on the map / corresponding to 
a (since the Maurer-Cartan equation for a is always contained in (Syst(m)) according to ((29l) . 
and thus the existence of / is always guaranteed) . This system on / is an elliptic PDE on / of 
order < 2. In particular, we are led to the following definition: 

Definition 2.5 Given a Q-valued Maurer-Cartan 1-form a on L, we define the geometric map 

corresponding to a, as f = t^g/Go °U , U integrating a: U^^.dU = a, U{0) = 1. 

Let us summarize: 

Proposition 2.1 The natural map TTm : 5™ C/™ from the set of extended geometric solutions 
of the {m, q,t) -system into the set of geometric solutions is surjective. Moreover, it is bijective 
in the primitive and determined cases (m < k' — 1) and not injective in the under-determined 
case (m > k' — 1). Moreover, in the primitive and determined cases, the {m, 2, t) -system - on 
the (family of) 1-form ax - is in fact a system on the 1-form a :— ax=i, itself equivalent to an 
elliptic PDE of order <2 on the corresponding geometric map f : L ^ G/Gq. 

Furthermore, let us interpret the C-linearity of [a',]* : TL {AQr/Qo)"" in terms of the corre- 
sponding geometric solution f,: L ^ AGt/Gq, defined by /, = ""g/Go ° ^» where U, integrates 
a,. Firstly, the complex structure defined in Aqt/Qo by ([33|) is AdGo-invariant so that it defines a 
AGi--invariant complex structure on the homogeneous space AG^/Go. Therefore the C-linearity 
of [a',], means exactly that /, : L ^ AGr/Go is holomorphic. Now, let us interpret the condition 
a, e AmQr in terms of the map /,. Let us consider the following AdGo-invariant decomposition 

Agr/flO = Ajn*ST ® AymQr 

where A„*0i- = AmQr H A^g^ and A>„0i- = {rj, e Agrlvx = Z]|j|>m '^^^l) which gives rise 
respectively to some AG,--invariant splitting 

TiAGr/Go)=Ht(BV^,. 
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Then Ti^ and inherit respectively the quaUficatifs horizontal and vertical subbundle respec- 
tively. Therefore, in the same spirit as [12] (remark 2.5 and proposition 2.6), the equation l(32|) 
gives us the following familiar twistorial caracterisation 

Proposition 2.2 A map f,: L ^ AGt/Gq is an extended geometric solution of the (m,g,r)- 
system if and only if it is holomorphic and horizontal. 

2.2.3 The increasing sequence of spaces of solutions: (5(m)),„gN 

Again, we suppose in all 12.2.31 that the automorphism r is fixed and that L is simply connected. 
Then according to the realisation of (Syst(m)) in the forms i(29l) and l(28)) . we see that any solution 
of (Syst(m)) is solution of (Syst(m')) for to < to' (take uj = for m < j < to'). More precisely, 
(Syst(m)) is a reduction of (Syst(TO')): (Syst(TO)) is obtained from (Syst(TO')) by putting Uj — 0, 
m < j < to', in (Syst(TO')). In particular, S{m) C S{m') for to < to'; so that any solution in 
the primitive case (to < to^/) is solution of any determined system {ruk' < rn < k' — 1), and 
any solution of a determined system is solution of any underdetermined system (to > fc' — 1). 
Besides we see that n„i>\gnz ^ iTm m < to'. In particular, 7r„j/(C/™) = Q"^. Thus we can set 
5(00) = UmGN'5(TO) and Q°° — Um^j^Q™', then we can define a surjective map tToo ■ /JC —f Q°° 
such that TToolfm/K is a bijection onto Q"^ for each m < k' — I. 

Moreover any geometric solution / € has an order to which is the smaller to' such that 
/ e G™' ■ Then for any solution a\ G 5(00) giving rise to /, we have ax € S{m) (to is the maximal 
power on A of a a, which does not depend on the choice of ax since these are all equivalent modulo 
the gauge group /C). Thus we have n^^iG"") = G^ or equivalently naoiG^T^^XG^) = 



Remark 2.2 We can call 5(oo) the (g, T)-system, and then we can speak about its subsystem 
of order to, namely S{m). In particular, we have the following caracterization: 

S{oo) = {a, eC{T*L(^ A(^^-jQr)\a', e A^Qr and da, + ^ [a, A a,] = 0} 
where A(oo)0t = UmgNAmflT. 

The primitive and determined cases (to < fc' — 1) Now, let us apply the previous discussion 
(about the increasing sequence {S{m))m.e'N) to the study of the determined case. Let us recall 
that in this case, we can consider that the system (Syst(TO)) deals only with g-valued 1-forms a. 



Proposition 2.3 The solutions of a determined system (Syst(TO)), to^/ < to < fc' — 1, are 
exactly the solutions of the maximal determined system, i.e. (Syst(fc' — 1)), which satisfy the 
holomorphicity conditions; 

a'Lj = 0, TO - rrik' + 1 < j < fc - 1. 

Moreover, the solutions of a primitive system (Syst(TO)), 1 < to < to^/ — 1, are the solutions of 
the minimal determined system, i.e. (Syst(TOfc')), which satisfy 

(i) if k' — 2k is even, the horizontality conditions; 

"fc = a±(fc-i) = • • • a±(m+i) = 

(ii) «/ fc' = 2fc + 1 is odd, 

• the holomorphicity condition : a'^j, — if m = k, 

• the horizontality conditions : a±k — a±(fe-i) — ■ ■ ■ a±(m+i) =0 if m < k — I. 
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The non injectivity of iTm in the underdetermined case Now, let us turn ourself to the 
underdetermined case. 

Proposition 2.4 In the underdetermined case, m > k' — 1, the map evi : a, G S{m) ^ a G 
«S(m)i is not injective. 

Sketch of Proof. Since in the underdetermined case, we have m > k' , then S{m) D 
and thus it suffices to prove tho non-injcctivity on S(k'). Let a\ be a sokition of (Syst(fc')) 
and a its value at A = 1. Then let us consider the fibre ev]~^(a). Let us denote by a a the 
current element in ev^^{a), varying arbitrary, to differentiate it from the fixed element a^- 
Then let us consider the corresponding (l,0)-type 1-form u = (uq, . . . ,Uk'-i,Uk') taking values 

in nj^ofl-j ~ (®j='o"^fl-j) ^ So and then let us sot u = {u.Uk'). Then wc have by definition 
u + Uk' = a' so that mq = cCq — Uk' and uj = a'-j- Therefore, the variable u can be parametrized, 
in evi^{a), by Uk'. Furthermore, injecting these two previous equations in the system (Syst(A;')) 
satisfied by u, this one becomes a system on Uk' with some parameters depending on a, which 
by a straightforward computation can be written in the form 



Hence, evj"^(a) is (parametrized by) the solutions of (a) which lie in the affine space defined by 
(b). Therefore since we already know a solution of the system (a)-(b), namely the component 
Uk' of the fixed solution a\, we can now apply the impHcit functions theorem to the following 
initial value problem 



restricted to the affine space of functions, defined by (b). 
2.2.4 The decreasing sequence (Syst(m. r^'))p/fe/ 

Any solution of the m-th (g,T)-system is solution of the m-th g-system (take r = Id, i.e. u = 
{uo, . . . , Um) S (fl"")"*"*"^). More precisely, the m-th {g, T)-system is the restriction to ©jLo0-j(''') 
of the TO-th 0-system. 

More generally, for any p G N* such that p divides k' , the m-th {g, r)-system is the m-th {q, t^)- 
system restricted to ®^o0-j (''")' O"" equivalently - in terms of a\ G Ag^p - restricted to Ag^. 

2.3 The minimal determined case 

We study here the elliptic system (Syst(m)) in the minimal determined case and by the way its 
subcase the primitive case. Let us recall again that in this case, we can consider that the system 
(Syst(m)) deals only with Maurer-cartan forms a and consequently also with geometric maps /. 
Then we have to translate the equations on a into geometric conditions on /. This is what we 
will begin to do now. 

The minimal determined case splits into two cases. 

2.3.1 The even minimal determined case: k' = 2k and m = k 

Let us recall the following decomposition 



{ 



diik' + [a'a A iiw] - [uw Mlw] =0 (a) 
h{uk' +Uk' )]^Q (b) 



duk' + [a^ A Wfc'] - [uk' A Mfc'] = 

Uk'{zo) =XQe {^0 e fifol [7(^0) A (^0 + Co)] = 0} 




£(fc_i)©...©£i) 



© flo © (fl? © • • • © flfe-l) © flfe- 
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It is useful for the following to keep in mind that k = — fcmod2fc. 
The system (Syst(fc, r)) can be written 

=0, l<j<k-l (Hj) 
da+^[aAa]=0 (MC) • (34) 

da'_, + K A a'_,] = (Sk) 

More precisely the equations (Sj), < j < /c — 1, of (Syst(fc,T)) are respectively the projec- 
tion on gSj, < j < A; — 1, of (MC) (owing to the holomorphicity conditions (Hj) given by 
proposition I2.3p . Moreover, the projection of (MC) on Qk gives us 

dak + [ao A ttfc] = 

which is the real part of (Sk). Hence the only new information (in addition to (MC) and (H)) 
given by the minimal determined elliptic integrable system in the even case is the imaginary part 
of (Sk): 

d{^ak) + K A (*afe)] = [Ek) 

which is as we will see the vertical part of a harmonic map equation. Hence (Syst(fc,T)) is 
equivalent to 

«",=0, l<]<k-l (H,) 
d{*ak) + [ao A {*ak)] = (Ek) . 
da+^[aAa]^0 (MC) 

Besides (Sk) can be written in the form: 

[5(Ad[/(4))],, = 0. 

where U integrates a. In term of /: L ^ G/Gq, the projection of U, this last equation means 
(as we will see in section (H) 

5^" a"/ = 

where V" is the vertical part of the Levi-Civita connection V on the Riemannian homogeneous 
space G/Go, the vertical and horizontal spaces are defined by V = [gt] and Ti = [m] since we can 
do the splitting: T{G/Go) = [m] © [flfe]- 
Then the equation {Ek) is equivalent to (see section U 

d^\*d^f ) = ^ t"(/) := Trb(V^'dV) = 

(for any hermitian metric b on the Riemann surface L). It is easy to see that the equation (Ek) 
is a vertically harmonic map equation {T'"{f) = 0) for the canonical connection V" = (i + ag. In 
fact, we will see that in the vertical subbundle V we have V" — V° (see section H]). 

The primitive case The m-primitive case is obtained by putting ak = a±(^k-i) = ■ ■ ■ a±(T?x+i) = 
in the minimal determined case l|34p . In particular ak — and (5*^) is trivial so that the only 
additionnal conditions on the geometric map f:L^ G/Gq (whose existence is guaranted by 
(MC)) are the equations (Hj): a"_j = ctj- = 0, 1 < j < m, and ak = a±(A:-i) = • ■ • a±(m+i) = 
(which both, let us recall it, come from a' = u e ©j'Lofl-j)- 

Proposition 2.5 Let t: q ^ q he an order 2k automorphism, and an integer m < k then the 
m-th elliptic integrable system (Syst(m,r)) means that the geometric map f : L ^ G/Gq satisfies 

df e®f^,[B%](lTiG/Gof. 
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Proof. Let / be the geometric map corresponding to the Maurer-Cartan form a, that we 
integrate hy U: L ^ then we have df — AdU{a'„) and a is solution of (Syst(m, r)) if and 
only if 

This completes the proof. □ 



Remark 2.3 In particular, in the primitive case / is horizontal {ak = 0). Therefore {Sk) is 
trivial and (owing to the holomorphicity conditions {Hj),l < j < k — 1) the free curvature 
equation l(29)) is equivalent to (MC) in the primitive case. 

Definition 2.6 We will call m-primitive map (into the locally {2k) -symmetric space G/Gq) a 
geometric solution of the system (Syst(m, t)) for m < k. 

Geometric interpretation of the equations (Hj). For m < k, let be the /-structure 
on iV = G/Go defined by the following (eigenspace) decomposition: 

T+N © T°iV © T-N ■ ^ ' 

We will set F = i^I^-i], and we will call F the canonical f -structure on N. Then according to 
proposition 12.51 we have 

Theorem 2.1 A map f : L ^ G/Gq is m-primitive if and only if it is F^"^^ -holomorphic. 

Remark 2.4 The equations {Hj): a"_^ = 0, 1 < j < m, on a Maurer-Cartan 1-form a means 
that the corresponding geometric map /: L ^ G/Gq satisfies pr„ o (df o j^) = F^™! o df where 
Jl is the complex structure in L, and pr„j : TN ©jLi[mj] is the projection on ©™,i[mj] along 

(®j=m+i ['^j]) ® [flfc]- This means that the projection pr„j o df : TL ®l"^i[vn.j] is a morphism 
of complex vector bundle. Let us denote C^{L, G/Gq) = {/ e G°°(L, G/Go)| df € ©Jli[mj]}. 
Then we have the following equivalences between the Maurer-Cartan 1-form a and its geometric 
map: 

a e 00 © (©,"Lim,) ^ /eG-(L,G/Go) ^^^^ 



[Hj) : a'L, = 0, 1 < j < m ^ pr„ o [df o j^) = o df 

Then additionning these two equivalences, we recover the equivalence: "a solves (Syst(m, r))" 
'i=> "/ is Fl^l-holomorphic". Moreover, the equations a'!_j = 0, 1 < j < fc — 1, mean that / is 
horizontally holomorphic. 

Theorem 2.2 Let a he a g-valued 1-form on L and f its geometric map. The following state- 
ments are equivalent: 

(i) a'Lj = 0, 1 < J < A; - 1 

(ii) / is horizontally holomorphic: {df o jL)^ — i^'*^^^' o df, Ti. — [m] being the horizontal space 

and F^''^'^^^-)^ defining a complex structure on TL. 

So that we can conclude: the even minimal determined system (Syst(fc,T)) means that 
the geometric map / is horizontally holomorphic and vertically harmonic. 
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Remark 2.5 We can express what precedes in terms of the projection map ttg/Gq- ot ^ f 
defined as follows. Let MC be the set of g-valued Maurer-Cartan 1-form on L and for m < k, 
MC™ the subset of Maurer-Cartan 1-form taking values in go © {®JLi^j), then ttq/q^ : MC 
C°°(L,G/Go) is defined by: 

TTG/Go -.a EMC U e C^{L, G) / = ^g/Go ° U € C°°{L, G/Go)- 

The preceding results can be summarized as follows: for any m < k 

na/GoiMCn = C^,{L,G/Go) and ^G/G„(5(m)) = Hol((L,j), (G/Gq, fI'"!)), 

the set of F['"l-holomorphic maps; and the equations (Hj), 1 < j < m, in MC are transformed 
by T^G/Go iiito the equation pr„ o [df o j^) = o d/ in C°°{L, G/Gq). 

2.3.2 The minimal determined odd case 

The order of the automorphism t is odd k' ~ 2k + 1, and m = fc -I- 1. Let us recall the following 
decomposition 

0^ = {£k ® • • ■ ® 0-i) ® 00 © (0? ® ■ • • ® 0fe) ■ 

The equations {Sj), < j < fc — 1, of (Syst(fc -I- 1,t)) are respectively the projection on gSj, 
< J < fc — 1, of the Maurer-Cartan equation (MC) (owing to the holomorphicity conditions 
given by proposition 12. 3p . Hence the elliptic system (Syst(fc -I- 1,t)) can be written: 

' a'-j ==0, 1 < i < fc - 1 

da', + [a'i A a',] = 

' da'_k + K A a'_,] + [a'l A a',] ^ 

da + - [a A a] =0 
^ 2 

Then we see that the projection on g'^^. of (MC): 

da^k + ["0 A a-fc] + ["i A ak] 

is nothing but (Sk) + (Sk+i). 
Now we have to distinguish two cases. 

• The strictly minimal determined cas^ll Let us suppose that fc > 2, then we have 

(Sk) V (Sk+i) ^ (Sk) + (Sk+i) ^ [d{AdU{a'^J)]^^ = 
where U integrates a. For the last equivalence, just do the computation: 

[a(Adc/«))]^^ = a< + KA<,]^, 

= da'^, + [< A a'^J + [a'{ A a',] + [a'U A a'_k] 
= {Sk) + iSk+i) 

''That is to say the minimal, but non maximal, determined cases. 



(Sk+i) 
(Sk) 
(MC) 



(37) 



(38) 



33 



since a'_!_i = 0. Hence we obtain that 

=0, l<j<fc-l (H,) 

(Syst)^<j + K A a'fe] = {Sk+i) ^ 

da + ^[a/\a]=0 (MC) 

a-j =0, l<j<k-l (Hj) ( a'L, = 0, 1 < J < fc - 1 [H,] 

aa'_, + KAa'_,] + K'A«;,]=0 [Su] [a(AdC/«))]^^ = 

da + -[aAa]=0 (MC) da + -[aha]^Q (MC) 

In terms of the geometric map / : L ^ G/Go,we have according to remark fOl (see also section[5]) 
the following geometric interpretation: 

(5„J^5(^')^'9V) = 0, 

where the splitting TN = V is defined hy H = [m'], V = [trifc] and m' = ®']llmj. Moreover 
since 2 Re(S'mfc) is 

rfttmfc + ["0 A amj + ["mi A amjmfc = 

which is nothing but [MCJmfc (in the presence of (H)), the projection of (MC) on rxik, then the 
only new information (in addition to (MC) and (H)) given by the determined elliptic integrable 
system in the odd case is the imaginary part of {Sm^ ) which means that / is vertically harmonic 
(with respect to V^): 

2Im(5„^J : + [ao A *a„J + [a^^ A *a^Jna, = ^ r^/) := TriiV^Y d"f) = 0. 

• The model case. Let us suppose that k = 1. Let us remark that, in this situation, the 
determined case reduces to the (model) system (Syst(2, r)) which is then simultaneously minimal 
and maximal. Furthermore, coming back to (1371) . we have 

where U integrates a and [ J*^^'"^ denotes the (1, 0)-component with respect to the canonical 
complex structure J in defined by the decomposition l(26)) . i.e. in our case TN'^ — [q^i] ® [fli]. 
Indeed we have 

= da'„ + [«o A a'J + [«;; A a'J,r, 
= da'_^ + [tto A J + [a'l A a\] 
+ da'^ + K A a'l] + [a"_i A a'_^] 

the up term bein g the (1, 0)-component and the down one, the (0, l)-component. Then recalling 
that {Si) + (^2) is the projection on of (MC), we obtain that 

^ ^ ^ \ (MC) \ (MC) I da+-[aAa]=0 (MC) 

and the only new information (in addition to (MC)) given by the determined elliptic integrable 
system in this case is (S'm''^'')- 
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In terms of the geometric map, f:L^ G/Gq, we have according to remark [T73l the following 
geometric interpretatiorH: 



df 



0, 



we will say that / is holomorphically harmonic w.r.t. and J (see section [H definition I5.2[ for 
a precise definition). 

In the same way, we also have the following (equivalent) geometric interpretation 



0,1 



0, 



we will say that / is holomorphically harmonicH w.r.t. V° and —J. 

Moreover, let us write the equations of the system as a real equation and then write the corre- 
sponding geometric equation (which will then take place in TN and not in TiV^). We have that 
the real equation (Si) + {S2) is the projection on g'^i of (MC). Now, let us write the equation 



{E.i) = ^^'^ + ^^'^ = (^d * a_i + [ao A *a_i] + ^["i A ai] = 0^ , 

then taking the sum with its complex conjugate, we obtain 

(£;_!) + (£;_!) = ^d* am + [ao A *Q:m] + ^([ai A ai] - A a-i]) = 
EE * am + [ao A *am] - ^Jo[am A a^] = 0^ , 

since ^([ai A ai] — [a_i A a_i]) — ^[Jgam A am] = ^ ^Jo[Q^m A am]- Then written in terms of 
the geometric maps / : L ^ N, the last equation means 

rS{f)+lT"{f) = 0, 

where Tq (/) — Tr((V°)"d"/) is the tension field of / w.r.t. V° (and some Hermitian metric g 
on L), and T"(/) = *(/*T°). As we will see in section [5.1.21 this equation is in fact a general 
characterization for holomorphically harmonic maps. 

The primitive case. The m-primitive case is obtained by putting, in the minimal determined 
case l(37|l . a'j, = 0, if m = fc, and a^ = 0, m + 1 < \j\ < k, if m < k — 1. As in the even case we 
obtain: 

Proposition 2.6 Letr: g ^ q be an order 2k+l automorphism, and an intergerm < k then the 
m-elliptic integrahle system (Syst(m, r)) means that the geometric map f:L^ G/Gq satisfies: 

9/e®,"Li[flC,] cT(G/Go)^. 



*See also section [5] theorem 16.31 
^See footnote [8] 
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Geometric interpretation of the equations (Hj). Recall that J denotes the canonical 
complex structure on iV = G/Gq (see (|26l) ) and set F^™! := pr„ o J = J o pr^ for m < k, where 
pr,„: TN ©JLi[%] is the projection on ©JLil'Tij] along ©j>m_|-i [trij] (remark that pr^, = Id). 
Then is a /-structure on N (remark that F^''^ J is a complex structure). Then we have: 

Theorem 2.3 A map f : L G/Gq is m-primitive if and only if it is F^"^^ -holomorphic. In 
particular, f is k-primitive if and only if it is holomorphic (with respect to the canonical complex 
structure onG/Go ), and thus any m,-primitive map is in particular a holomorphic curve inG/Go- 
More precisely, m-primitive maps are exactly the integral holomorphic curves of the complex Pfaff 
system ®'jL^[mj] C TN. 

Remark 2.6 The equivalences (|36|l hold also in the odd case. However for m = k, the first 
equivalence of ((36l) is trivial: a G g -<=4> / S C°°{L, G/Gq). There is no restriction (in the form 
"a takes values in a subspace of g") in the highest primitive case. 

Theorem 2.4 Let a be a Q-valued 1-form on L and f its geometric map. The following state- 
ments are equivalent: 

(i) a'L^ =0,l<j <k-l 

(ii) / is horizontally holomorphic: {df o j^)^ = F^''~^^ o df, where TL = [m'] is the horizontal 

space, and F^^^'^'^ ^-j-i = defines a complex structure on TL. 

We can conclude that the odd minimal determined system (Syst(A: -f 1,t)) means that 
the geometric map / is horizontally holomorphic and vertically harmonic if /c > 2, 
and if A; = 1, it means that / is holomorphically harmonic. 

2.4 The maximal determined case 

Let us see how can be rewritten the elliptic system in this case in terms more geometric. Let us 
recall that the determined systems can be considered as a system on the 1-form a. 

Theorem 2.5 Let t: g ^ g he an automorphism of odd order k' ~ 2k + 1. Let us set Jq — t^^ 
and Jq the corresponding complex structure on m (i. e. the value of J at the reference point yo — 
l.Go S N, see equation i26\} ). Then the associated maximal determined system, Syst(fc' — 1,t), 
is equivalent to 

i<i<j<k 

da+ i[a Aa] = (MC) 

Theorem 2.6 Let t : g q be an automorphism of even order k' — 2k. Let us set Jq = t^^ and 
Jq the corresponding complex structure on tn (i.e. the value of F\t^ at the reference point yo — 
l.Go G N, see equation i35]} }. Then the associated maximal determined system, Syst(fc' — 1,t), 
is equivalent to 

( 1 

d * a/c + ["0 A *ak] + T^Uo'^m A am]g^, = 

]=0 {Em) 

da+^[aAa]=0 (MC) 
V 2 
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2.5 The underdetermined case 

Here we study the underdetermined case. 

Theorem 2.7 Let us consider an underdetermined system (Syst(m, g, t)), m > k' . Let us write 

m — qk' + r, 0<r<fc' — 1 

the Euclidean division of m by k' . Then let us consider the automorphism in g''+^ defined by 

f(ao,oi, . . . ,a,) e 0'+^ I — > (ai, . . .,aq,T{a())) G 

Then f is of order (q + l)k' . Moreover the m-th system associated to (b,t) is in fact equivalent 
to the m-th system associated to (g'^+^jf). More precisely, denoting by oj a {q + l)k' -th primitive 
root of unity, then the map 

a\ I — > {a\, acjx, . . . , aQPx) 

is a bisection from the set of solutions of the underdetermined (m, 2, t) -system into the set of 
solutions of the determined (m, q'^'^^ ,f)-system. 

2.6 Examples 

2.6.1 The trivial case: the 0-th elliptic system associated to a Lie group. 

We consider the determined system (Syst(TO,T)) with r = Id and (thus) A;' = 1 so that m'f, — 
mi — — k' — 1. Then the determined system (Syst(0,ld)) is nothing but the Maurer-Cartan 
equation for g-valued 1-form a (i.e. in other words the "equation" for the trivial geometric map 
/: L^G/G). 

2.6.2 Even determined case 

The first elliptic system associated to a symmetric space [12\ . We consider the even 
determined system (Syst(fc,T)), with k—1 and t an involution. Then the horizontal subbundle 
is trivial ^=[111] = {0} and TN — [V] = [gi] so that the horizontal holomorphicity is trivial and 
vertical harmonicity means harmonicity. Hence the first elliptic system associated to a symmetric 
space, (Syst(l, r)), is the equation for harmonic maps / : L — > G/Gq. 

The second elliptic system associated to a 4-symmetric space ( |30|, [7|). Here r is 
an order four automorphism and (thus) k = 2. Then we consider the even determined system 
(Syst(2,T)). ... 

Hamiltonian stationary Lagrangian surfaces in Hermitian symmetric spaces, ([23l [211 [22j). P- 
harmonic surfaces in O, [28]. Surfaces with holomorphic mean curvature vector in 4-dimensional 
spaces form, surfaces with anti-holomorphic mean curvature vector in CP^, [7]. 

2.6.3 Primitive case 

r order k' , m — 1. Affine Toda fields , [8]. Non-superminimal (weakly) conformal harmonic 
maps into S""; (weakly) conformal non-isotropic harmonic maps into CP"; |6]. 

2.6.4 Odd determined case 

T of order 3, m = 2. Holomorphically harmonic maps (see l5.1.2|) . 



37 



2.6.5 Underdetermined case 



First elliptic integrable system associated to a Lie group f [39L [38] ). (Syst(77i, r)) with 
m = 1 and t = Id, fc' = 1 and mi — < m, thus underdetermined system. 

Second elliptic integrable system associated to the symmetric space S"'. Constrained 
Willmore surfaces in S"...^. 
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3 Finite order isometries and Twistor spaces 

3.1 Isometries of order 2k with no eigenvalues = ±1 

Let E be an Euclidean space and let us define (for p G N*) 

Up{E) ^{Ae SO{E), AP ^ Id, A''^ 7^ Id if 1 < fc < p} 
U;{E) = {Ac Up{E)\l i Spect(A)}, U;*{E) ^{Ac Up{E)\ ± 1 ^ Spect(A)}. 

Then for A: G N* we set 

Z2fe {E) = U;^ (E) and Z^k+i (E) - U^^+i (E) = U;^+i{E) . 

We will be interested here in the study of Z^kiE). Then for each A e Z2k{E), we have the 
following eigenspace decomposition: 

with Ea{\) = ker(A - Aid) and uj2k = e'"'/^. 

Let us set = EA{'^2k)®-^A{'^2k ) fo'" j — 0- Then we have diniR rrij = - ^diniR + diniR EA{tL>2i^) 

diniR _Eyi(tj2fc) — 2 dime -Ea (1^^2/1; )■ Hence dimRm^- is even and hence we will suppose now that 
E = (in all section [33]). 

Example 3.1 We have Z2{E) = 0, and Zi{E) — T,{E) the set of almost complex structure in 
E. 



Situation in the plan Here E — M? , and any element of Z2k{E) is written A — R{^), with 
(I, 2k) — 1 {R{0) being the rotation of angle S E/27rZ ) i.e. A is a primitive (2fc)-th root of the 
unity. Hence card(Z2fe(M2)) = ?!)(2A:), (jj being the Euler characteristic. 



3.1.1 The set of connected components in the general case 

Theorem 3.1 7ro(Z2fc (M^")), the set of connected components of Z2fe(M^") is (in one to one 
correspondance with): 



X2k ■■= < (£,(pi,...,Pfc-l)) eZ2 XN 



fe-1 



fc-1 

= n and 3j, (j, 2k) = l\pj ^ 



Proof. Let A £ Z2fe(M^"), then A^^c — ^^ik^d^^^^^j ® ^2k^'^EA{i^^')- choose an orientation 
on each mj (such that the induced orientation on (Bi~^mj is the one of E^"). Then there exist 
oriented plans Pj such that mj — ®^^iPj (sum of non oriented spaces), where pj = '^'""^^ , and 

where Rpi {9j) is the rotation on Pj of angle 9j = Let Sj be the orientatioiS of ©fi^iPj (sum 
of oriented spaces) in vcij . Now let us consider the map 

f:Ae Z2fc(M2") ^ (n^Zi^e,, (p,)i<,<fc-i) G X2k. 

^"see remark [sTTI 
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Then it is a continuouJ"! surjection and / ^{{{e,p)}) is an 50(2n)-orbit in the action of SO{2n) 
on Z2A;(M^"). This completes the proof. □ 

Remark 3.1 

Remark 3.2 

Each connected component is a S'0(2n)-orbit and thus is compact, and consequently closed. 
Hence its complementary which is an finite union of closed subset is closed: each connected 
component is an open and closed submanifold of Z2fc(]R^") (which is itself a compact submanifold 
in SO{2n)). 

Definition 3.1 We will denote by Z^j,(IR'^") (and sometimes only by Z^i^) the connected compo- 
nent /^^({a}), for a — {e,p) E X2k- We define 



{AeZ2fe(M2")|A^- = -Id} = □ 

{a|Vj;p2j=0} 

{A e Z2k{R^n\A'' ^ -Id} = □ 

{a\3j,P2j^0} 



^2k 



Z2j,(M^") is the union of order k components in Z2fc(]R^"), and Z2j,(M^") is the union of order 
2k components (see below for the meaning of this appellation). 

In the following we will denote by Z2j,(M^"), for a £ {0, *} any of the two spaces Z2j,(M^") and 



Z2j,(M^"), and r the order of these two spaces i.e. r = 



2k inZ2*fe(M2») 
k in Z2"fe(M2") 



is in fact the 



order of AdJ, for J S Z2fe(M^") (see below). Let us compute the tangent space of Z2A;(M^"): 
VJg Z2fe(M2"), 

TjZ2k{M.^") - J.so(2n) 
and for J G Z2j,(M^"), we have in addition 



^ ,PAJ' 

p+l=2k-l 



(39) 



TjZ2kiRn^TjZ!i,{] 



A e J.so(2n) 



J2 J^Af = 



(40) 



p+l=k~l 



It could seem strange that the two expressions l(39)) and ijiOl) are equal for J e Z2j.(M^"), but 
as we will see below, it comes from the fact that the "even" eigenspaces of AdJ vanish, for 
J G Z2j,(M^"), which leads to this last equality (which is in general an inclusion "D") 

Example 3.2 If A: = 2, then X2k = {±1} = Z2 and Z4(M2") = Z|(M2") ^ I](M2n) ^ {j g 
5C'(M2")|j2 = _id} = I]+(M2«)|JJ]-(k2™) (j.ggp^ ^Yie positive and negative components of 
S(M2")), whereas Zl{R^'') = 0. 



^^see remark [32] 
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3.1.2 Study of Ad J, for J G ^"^^(M^") 

Let J e Z^j.(E2"). Ad J is then an order r automorphism of End(M2") (since (AdJ)^ = Id ^ 
— ±Id) thus we have the following eigenspaces decomposition: 

End(M2")C = kcr(AdJ - ujlld) 

with ujr = e^"^^/^ . Let us set 

y^j(J) =ker(AdJ-t^^Id). 

0), 

Hence 



Then Aa{J) = Com(J) := {A € End(M2")|[^^ j] = q} and for j 7^ we have: VA G ylj(J)(j 7^ 

. 



A(^)cker L{f)°R{Jn 

jeZ/rZ\{0} y+p=r-l 

with obvious notation. This inclusion is in fact an equality. Indeed, let A G End(]R^"), then 
A = Ej=o^j' with Aj G Aj{J), thus Ei=o = rAQj"-^ + = tAqJ'-i which 

vanishes if and only if ^0 = 0. This proves the equality: 

jGZ/rZ\{0} y+p^r-l 

Now, let us restrict ourself to J.so(2n^ resp. to so(2n), (which does not change the order of 



AdJ|j.5(,(2„), resp. AdJ|5o(2„)) and sel| 

Bj{J) = Aj{J) n (J.so(2n))^, resp. sOj(J) = Aj{J) 5o{2nf . 
Then we have, according to l(39|) - (|40l) . 

TjZ2\(M2») = {®]Z\B,{J)) n End(M2"). (41) 

The inner automorphisir^l T — IntJ|so(2n) gives rise to the r-symmetric space S'0(2n)/Uo(J), 
where Uo(J) = S0{2n)^ = Com(J) n SO{2n), which is nothing but the connected component 
Z^fc of J (which is also the orbit S0{2n) ■ J = Int(S'Cl(2n))( J) ): 

Z2"fc(M2")=50(2n)/Uo(J). 

Consider now 

Uj_i(J) := Com(J^) n SO{2n) = SO{2nf\ 

Then T is an order j automorphisnQ on Uj_i(J) and gives rises to the j-symmetric space 
Uj_i( J)/Uo(J) which is in fact equal to 



^'^Bj{,}) is stable by AdJ and we have Bj(.J) = J.S0j{J) = S0j{J).J. Besides we have more generally J.Aj{J) = 
Aj{J).J = Aj{J). 

^^The conjugaison by J is denoted by IntJ: GL„(R) G-L„{]R) when the domain of defintion is a Lie subgroup 
and by AdJ: g[„(I8) S^nO^) when it is a Lie subalgebra. 
^■'We confuse j G Zr and its representant in {0, . . . , r — 1}. 
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Indeed let J' G ^^.(K^")^ then there exists g G SO{2n) such that J' = gJg-\ then {J'y = P if 
and only if gPg''^ = P i.e. g G Uj-i(J), which proves that ^ (K^", JJ) = Int(Uj_i(J))(J) 
i.e. 

Z2\,.(K2»,j^)=U,_i(J)/Uo(J). 



Remark 3.3 Obviously, in this equation J can be replaced by any J' G Z2i. j{M?"', J^). 

Example 3.3 If fc = 2, then we have Z^^^iM?'', J^) = Z|"_2(K^", -W) = Z|«(M2«) ^ E'>(M2>i) ^ 
SO{2n)/U{n), and the other values of j are trivial .Z|^±i(k2", J±i) = {J}. 

Remark 3.4 Sometimes, we will need to precise clearly what is the eignevalues of the eigenspaces 
Ai{J) and so, (J), then we will simply use the notation 

A(u) (J) = ker(Ad J - wid) 

and idem for S0(jj)(J) and B(^^^^{J). 

Besides, sometimes for the homogeneity of the equations, we will extend the notations Ai{J) for 
real index and set for t € M 

=ker(AdJ-w*Id). 



3.1.3 Study of AdJ^ 
Let j e Z* . Then we have 

AdJ^' = (AdJ)^' = elTo' HY ^d^AJ), 

u)]. is of order p = r, i.e. it is in Up = {z & S^lz^ = 1} = exp I (Z/pZ) • I . Hence 

{r,J) V P J 

AdJ^ = [efJo' HY^dA^^M 

9=0 

hence writing (Ad J-' is of order p) : 



we obtain that 



where I' = {j') I in the ring Z/pZ, and j' 



(42) 

(j' is inversible in the ring Z/pZ, 



mod p 



since {j',p) = 1 by definition of (r, j)). 
In particular, 

Com(J^) = Ao{P) = ®'^;Jt'ApiJ)- 

More particulary, 



(43) 



Com(j'=) = 



^qZnAiJ) = End(M2")C if ^ = fc 
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and 

( inf.n ffi A,.(.n \f r ^ 

Ao{J) d) Ar{J) if r is even 



AoiJ)(SAkiJ) ifr==2fc 
Com(j2) = Ao{J)®Ak{J) ifr = fce2Z 

^o(>^) if r = A: is odd 



We can rewrite all what precedes in J.so{2n) (resp. in so(2n)) by replacing Ai by Bi (resp. soi). 
In particular we have, according to l(43|) . 



Uj_i(J) Lie(Uj_i(J)) = soo( J^') n 5o(2n) = (e^^^,^ ^sOgp(^)) nso(2n), 

thiJ^ is the eigenspace decomposition of the order j automorphism obtained by restricting 
T = AdJ to Uj_i(J). Moreover we have 

T,Z2",,^.(]R2",j^)^ I B,p{J)\ nEnd(M2»). (44) 

Indeed, g G Uj_i(J) gJg^^ G ^2fe,i(II^^"' •^"') ^ surjective submersion whose the (surjective) 
derivative aX g — 1, 

A e u,-i(J) ^ [A, J]= J2 [^^f ' = ^ E (1 - ^nA,pJ e r;Z2",,^.(]R2", J-'") 

qr=0 q=a 

has ^®^!l{-'~^Sgp( J)^ n End(IR^") as image, which proves the equality (|4 
More simply by differentiating the definition equation of Z^^, (M^", J^ ) we obtain 



TjZ2\,(M^",J^)= <j^e J.so(27i) 
In particular, let us apply l(44|) for j = 2 



^ JP^ J' = ^ (45) 



( J) = { A e J.so(2n) lA J + JA = 0} if r is even 
if r is odd. 

This can be recovered from (|45l) by remarking that if r is odd then —1 is not a r-th root of unity 
(and thus not an eigenvalue of AdJ) . 

Remark 3.5 If (j, 2k) = 1 (so that (j, r) = 1 also) then e Z2fc(E2") and is of order r and 
we have, according to (|42l) 

^i(^'') = ^[,]-i.,(^), V?eZ/rZ, 
in others words Ai{J) ~ Aj.i{J^), e Z/rZ. In particular 

Uj_i(J) = A(J^') n SO{2n) = yto(J) n S'0(2n) = Uo(J). 



"We mean Uj_i(J)C = ^sOqpCJ) 
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Hence 

Z2\,(M2",J^)={J}. 
More generally, we have, according to (|43l) . since {jl,r) — {l,r), 

Com((JJ)') = Com(J-'') = (s'^^^t^ AqpiJ) = Com(j') 

r 

with p = — — ^ , and thus 

Coni((J^)') = Com(j') V/ G Z/rZ. 
In particular, U;_i(J-') — U/_i(J) VZ G Z/rZ and thus 

where [j]2k ' is the action of [j]2k on a G X2k, the action of I G (Z/rZ)* on X2fe being defined 
by the bijective map 

J G Z2fe(M2") / e (Z2fe(M2"))' = Z2fe(M2") 
which sends a connected component onto another one 

In particular, for j = 1, we have 

U/_i(J"i) = U,_i(J) V?GZ/rZ 

and thus 

Z2\,(M2",(J-1)')^Z-,'}(M2",/) 

where -(e,£) = ((-l)"£,p) in ^2^. Hence ^2"^ ((M^", (J-i)') = Z2°i^_;(E2", j') if and only if n is 
even (i.e. J and J^^ are in the same connected component). 

3.2 Isometries of order 2k + 1 with no eignevalue = 1 

We can do exactly the same study for Z2fe+i(-E) as we did for Z2k{E), with however the following 
simplification: all the connected components have the same order r = 2k+l and we do not have 
to distinguish two types of orbits as previously. 

3.3 The efFect of the power maps on the finite order isometries 

Let J G Uk' then G Up with p — jp-j^- Moreover it is easy to see (from the diagonahsation) 
that the power map 

is surjective from lJk> onto Up (since z G Uk' '-^ G Up is surjective). Besides, since each 
connected component in Uk' (and in Up) is a S'0(2n)-orbit, then the power map J 1— > sends 
one component in Uk' onto another one in Up so that it induces a map: 

a G TToiUk') > j - a <E Tio{Up) 

such that 

{U^,y=:m", ya€7:o(Uk'). 
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Remark 3.6 In general we have (-Z2fe)^ ^ Z^. For example, for j = 2, we have 

I Zfc if k is odd 

Besides, given J € Z^j,(M^"), then ^ (IR^", J-') is the inverse image of by the map 
Since (J')^ is constant in Z^j. .^(M^", J-'), we can denote it by Jj and then 



Furthermore, we have also for any J e Z^^,, Uo(J-') = Uj_i(J) so that 

Zi^;" = S'0(2n)/Uo(J^') = S'0(2n)/Uj_i(J) 

so that 

=^0(2n)/U,_i(J) (46) 

which we can recover directly by taking the power j in the equality W^, — {gJg^^, g e SO{2n)}. 

Convention: for each a £ 7ro(Z2fc), we will choose (and fix) a canonical representant in 
Z^j.(IR^"). For example, let (ei, . . . , e2n) be the canonical basis in M^", and 

62;+! = , 0</<n-l, 

£21 = 62/-!, 1 <l <n. 

Then e = (ei, . . . , e2n) is a hermitian basis in C^" and we can take Jq such that 
Mat^iJ^) = Diag ((^'''d"^^^ e-^dp) 

where p = (pi, . . . ,Pk-i) is determined by a = (^i^') ^ '^o{2^2k) (see section [3.1.ip . = — , and 
A^ate(-) means "the matrice in the basis e of ". 



3.4 The Twistor spaces of a Riemannian manifolds and its reductions 

Let M be an oriented (even dimensional) Riemannian manifolds and let us consider the bundle 
of order 2k isometries lA2k{M) as well as its subbundles lJ2j^{M) and Z2fe(]R^"). Let us fix 
a e 7ro(Z2fc(M2")) and consider the component Z^^iM.^''). Then denoting by SO{M) the SO{2n)- 
bundle of positively oriented orthonormal frames on M, we have 

Z^,iR'-)^SOiM)/Vo{J^) 

(see section l43l for more precisions about this equality). We want to ask the following question: 
does SO{M) admit Uj_i(J|^)-reduction for 1 < j < r. We know (according to |3l|) that 
SO{M) admits an Uj_i( J^)-reduction if and only if the associated bundle 50(Af)/Uj_i(J^) 



45 



(= SO{M) Xsoi2n) SO{2n)/Vj^i{J^)) admits a global section Jj-. M SO{M)/Vj-i{Jg'). 
Besides Uj_i(Jo") = Uo((J^P) and according to (06]), 

50(M)/U,_i(Jo") = (Z2",(m2"))J" =Z^^-(M) 

with p = — — — . Hence J, (when it exists) is a global section of (Z^j,(M))^ and then the 
j) 

Uj_i( J^)-reduction is given in terms of Jj by: 

H^_i(Af) {e = (ei, . . . , e2„) G 50(A/)| Maie(Jj) = {JoY}- 

Then we have 

ii^_i(M)/Uo(Jo")=Z2\,(Af,J,). 

In particular, since {JqY — ±Id, we have Vr-i{Jo) — SO{2n) and SO{M) has always an (unique 
and trivial) 5'0(2n)-reduction for which Jr = ildrM and thus it"_i(M) = lXg=(M) = SO{M) 
andZ2",,,(M,J.) = Z°(A/). 

Example 3.4 For k = 2, and thus r = 2, J = —Id defines the trivial reduction; and Ji(when 
it exists) defines on M an (almost) complex structure and H^{M) is then the subbundle of 
hermitian frames on M (with respect to this complex structure). 

3.5 Return to an order 2k automorphism r: fl 0. 

We give ourself the same ingredients as in section [2?T] and we use the same notations. In particular, 
we suppose that the subgroup H is chosen such that (G"^)" C H C G" . In addition to that we 
suppose G/H Riemannian. 

3.5.1 Case r = k 

Suppose that we have T|^^ = -Id i.e. e -2°j.(m). Then gaj = for all 2j e Z/(2fc)Z \ {0, k}. 
Hence we have 

[0p,0,]={O} iip + l^O,k. 

Indeed, if p or I is even then the corresponding eigenspace vanishes. If p and I are odd then 
[flpi Qi] <^ Qp+i and p + / is even, thus flp+i = {0} except \ip + l = Q or k. Consequently, we have 
[m, m] C [} and thus G/H is a (locally) symmetric space. Let us distinguish the following two 
cases. 

k is odd. Then [flfe,gj] C Qk+j — {0} for all j odd ^ 0, k. Hence [gfcjtn] = {0} i.e. admflfc — 
so that Qk = and thus this case is trivial because H = Go up to covering and thus the fibre 
H/Go is trivial (i.e. a discret set). Moreover we have [tn, m] C i) — go and G/H = G/Gq (up to 
covering) is the (locally) symmetric space associated to the involution r*^. 

k is even. Then the symmetric decomposition g = () © m is the eigenspace decomposition of 
t'^, and G/H is the (locally) symmetic space corresponding to this involution t'^. 

In conclusion, if r — k, then G/H is the (locally) symmetic space corresponding to t*^. 

Example 3.5 For 2k — 4, we always have r — k = 2 (since = —Id) and G/H is the 
symmetric space corresponding to cr = r'^. 
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3.5.2 Action of Adr|jn on adgj 

We have t o a.dX o t^^ = adT(A), VA e g. In particular, 

yXj e 0j, r o adX-i o r"^ = ^afcadAj (j e Z/(2fc)Z). 
Hence by talcing the restriction to m and projecting on m: 

so that 

[ad„,g,]„, C A(t|„) Vj e Z/(2fc)Z. 

li r = k then [tn, m] C f), hence [ad^gj-Jm = 0, for all j eZ/{2k)Z\{0,k}. 
Let us recall that we always have (r = 2k or k) 

[adm0o],n = admSo C soo(r|m) = Com(T|,T,) n so(m) 

S0r(r|n,) = Ant(r|m) nso(m) if r = fc is even 
if r = fc is odd (trivial case) 



[adm0fc]m = admSfc C 



where Ant(T|,T,) = {A e End(m)|AT|m + T\mA = 0}. 

Remark 3.7 There is no raison to have [adm0j]m C S0j(r|m) (if the metric is not naturally 
reductive) and no raison also to have [adm0j]m C Bj{T\m). 

3.6 The canonical section in {Z2k{G/H)Y, the canonical embedding, 
and the Twistor lifts 

Once more, we give ourself the same ingredients and notations as in section 12.11 We suppose 
that (C^)" d H d C and that G/H is Riemannian. We denote by pq := l.H the reference 
point in G/H. According to the definition of H, we have 

Lemma 3.1 Let Jq be the element in Z^I^{Tp^^M) corresponding to (or more generally to 

T|''^ with {j,2k) = 1) under the identification Tp^M ~ m. Then we have \/g G H, gJ^g^^ — J§. 
Hence there exists a unique section 

J2:G/H^{Z^;^f^ufiG/H) 

defined by 

g.poeG/H^gJ^g-' eiZ^^f. 
Proceeding as in [30], Theorem 3, we obtain: 

Theorem 3.2 Let t: g ^ g be an order 2k automorphism and M = G/H a (locally) Rie- 
mannian k-symmetric space corresponding to a = r^. Let us make G acting on Z2k{M): 
g ■ J = gJg~^. Let Jq € Z2^{Tp^^M) be the finite order isometry corresponding to un- 
der the identification Tp„M ~ m. Then the orbit of Jq under the action of G is an immersed 



^^see remark [3771 

^'^ao denotes off course the connected component of Jo in Z2k{Tp„M). 
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submanifold in Z^^iM). Denoting by Gq the stabilizer of Jq, then Gq = n H and thus 
N — G/Gq is a locally 2k-symmetric bundle over M and the natural map: 



is an injective immersion and a morphism of bundle. Moreover, if the image of G in Is(M) (the 
group of isometry of M ) is closed, then 3jg is an embedding. 

Remark 3.8 Say something about the choice Jq — with (j, 2fc) = 1 etc... 

Notation For a geometric map f : L ^ G/Gq, we will denote by J the corresponding map 
3jg o f: L ^ Z2k,2{G/H, J2) under the previous inclusion G/Gq ^ Z2k,2{G/ H, J2). 

3.6.1 The Twistor lifts 

Definition 3.2 An isometry A e S'0(M^") will be called an e"-^ -structure if Spect(A) = {e'^, e"*^}. 
An isometry A e SOiM?"^) will be called a 2k-structure if A e Zs^CM^")- 

Definition 3.3 Let {L,i) be a complex manifold (of dimension d > \), M an oriented Rie- 
mannian manifold and u: L ^ M a immersion. Then an element J : L ^ u*{Z2k{M)) is an 
admissible twistor lift of u if one of the following equivalent statements holds: 

(i) Let Ej be the orthogonal projection of the tangent subbundle u^{TL) on the subbundle mj{J) 

(with obvious notations). Then for all j e {1, . . . ,/c — 1}, J stabilizes Ej and J\Ej is a 
Lo^i.- structure and pr^^oi^Jo pr^^ . 

(ii) J stabilizes Ej and induces on it an uji^^- structure, i induces on Ej a well defined map which 

is nothing but the uj^^.- structure J\Ej- 

(iii) [du]-^.i^j'^c e Qj{J) for I < j < k ~ 1 (still with obvious notations). 

(iv) Let J be the complex structure defined on u* (TM) by the decomposition 



then u is 3-holomorphic: *du :— du o i = Jo dX 

In particular, if (L, i) is a Riemann surface, then we can add that the existence of an admissible 
twistor lift J of u implies in particular that u is a conformal immersion. 

Theorem 3.3 In the situation described in theorem \3.Sl let a be a Q-valued Maurer-Cartan 1- 
form on a Riemann surface L and f : L ^ G/Gq its geometric map and J = 3j„ o /. The the 
following statements are equivalent: 




gJog 



Z^°,iG/H,J2) 



u*{TM) 



(1,0) (0,1) 



(i) a% = 0, 1 < J < - 1 

(ii) J : L ^ Z2k.2{G/ H, J2) is an admisible twistor lift. 
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4 Vertically Harmonic maps and Harmonic sections of sub- 
mersions 



We will recall here some definitions and properties about vertical harmonicity and refer to [111132] 
for details and proofs (section 14.11 and 14. 2p . Then we will apply these latter to the study of the 
examples we are interested in (and that we have already introduced and begun to study in 14. ip : 
homogeneous spaces and Twistor spaces (section r4.3p . Finally, we will conclude with a geometric 
interpretation of the even determined elliptic integrable system in terms of vertically harmonic 
twistor lifts (section [331) • 

4.1 Definitions, general properties and examples 

4.1.1 The vertical energy fonctional 

Let {M,g), {N,h) be Riemannian manifolds and tt: N ^ M a submersion. We can do the 
splitting TN = V (SH, where the vertical and horizontal subbundles are defined by V = kerc?7r 
and n = (kerdvr)^ = V^. 

For any map u: M N, we denote by d^u = {duY the vertical component of du. Following 
|41j . this allows us to define the vertical energy density of u, e'"{u) = -jd^up, and the associated 
vertical energy fonctional: 



where V" denotes the vertical component of the Levi-Civita connection (of N) in TN, and Tig 
the trace with respect to g. Then we have 

Theorem 4.1 JJl^ The map u: M ^ N is a critical point of with respect to vertical vari- 
ations if and only if t"(u) = 0. In particular, if u is a section, i.e. it o u = Mm, then it is a 
critical point of with respect to variations through sections if and only if t'"{u) = 0. 

We define a map u: M ^ iV to be vertically harmonic if t'"{u) — 0, and if u is a section we will 
say that it is a harmonic section. 

4.1.2 Examples 

Example 4.1 Let tt : TV ^ M be like above. Let (L, b) be a Riemannian manifold and f : L ^ N 
a map. Then we can consider the projection u — nof: L^M and the manifold 



Then we have the submersion u*7t: {z,n) G u*N i-^ z e i. Furthermore, u*N can be endowed 
canonically with a Riemannian metric: take the metric induced by the product metric 



in L X N D u*N. Then we will say that /: L ^ N is vertically harmonic if and only if 



When u is an isometry and tt a Riemannian submersion this is equivalent to say that the 
corresponding section / : i — > u*N is a harmonic section (see the Appendix, theorem lT.ip . 




Let us define the vertical tension field ofu: M N by 



u*N = {{z,n) eLx N,ne tt"^ ({u(z)})}. 



\{dz,dn)\^ = \dz\^ + \dn\^ 



Tni^'d-"/) = 0. 
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Example 4.2 Let p: {E,V, (•, •)) i-^ {M,g) be a Riemannian vector bundle of rank 2n (in par- 
ticular (•, •) is V-parallel). Then we consider the bundle of orhogonal almost complex structure: 
TVs = ^{E) = {{x,J^),J^ € ^(E^)}, where T.{E^) {J G 5o{E^)\J^ = -Id}. We have a 
fibration tts : A^s ^ M. The vertical space is given by: VJ G A^s, 

Vj := rjl](^,) = e so(^,)|AJ + JA = 0} 

where x = 7rx;(J). 

The metric connection V gives us a splitting : TYj{E) ® Ti.^ . Indeed we have the following 

splitting (coming from V) 

Tbo{E) = p*so(£;) ® n (47) 

where p: so{E) — > M is the natural fibratioiQ- Then for any (local) section J: U C M — > S(i?), 
we have 

= VJ2 = {\/J)J + J{VJ) 

so that VJ G and thus in the decomposition l(47|) : [c?J]so(£;) = VJ G and thus [dJ]'n ~ 
dJ — V J ^ TNs which allows us to conclude that 

Ti](£;) = v^eW|s(E). 

Then we can endow N^, with the metric 

h = TT*g + { , (48) 
where ( , )ve is the fibre metric in induced by the metric in so{E): 

{A,B) =Tt{AKB). (49) 

With this metric we have obviously = V^^. 

Furthermore, let us remark that TT,{E) is a subbundle of r5o(£^)|5](£;) and that we have 

rso(j;)|s(£;) -7rJso(£;)®7^|s(£;) - 50-{TT^E)®50+{TT^E)®ni^(^E) (50) 

= TJ:{E) ® so+iiT^E) (51) 

witlS 

so+{7r*^E)j = 50+{E,,J):^{Ae5o{E,)\[A,J]^0} 
S0-{n^E)j = 50-{E.^,J):^{Aeso{E^)\AJ + JA = 0} = Vf 

for all J G S(£') (and where x — nY,{J)). In other words, n^E is canonically endowed with 
a complex structure: Xj = J, WJ £ A^s, and this complex structure defines the two spaces 
so±{n^E) by 

so±{tt^E) = so±(7rJ£;,I). 

Now given a section J G C{nj:), then we consider the vertical part of the rough Laplacian V*VJ, 

J, 1 

in the decomposition ([50]): (V*VJ)^ = -J[J, V*VJ]. We will see in section [4X2] that this is 
in fact exactly the vertical tension field of J in N-^: 

T^J)^^J[J,W*WJ]. 

In particular, we recover the definition of vertical harmonicity used in [30] and [7]. 

^*we denote by the same letter the fibration p: E ^ M and all its "tensorial extensions": p: End(E) M, 
p: so{E) M, etc.. 

^^using the notations defined in section [3.1.2l fi.e. the definition of sOj(J) for j g Z/2Z). 
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Example 4.3 Let p: {E,V, (•, •)) i-^ {M,g) be a Riemannian vector bundle of rank 2n. Then 
we consider more generally the bundle of order 2k isometries U2k{E) as well as its subbundles 
U^^-iE) and Z2k{.E). Let us fix a € 7ro(Z2fc(M^")) and consider the component Z^j^{E) :— Nz- 
We have a natural fibration ttz ■ Z^j,(£') — > M. The vertical space is given by 

VJ e Nz. Vf = TZ^kiE,) - B,{E,, J) f| End(i;,) = J.so^E,, J) (52) 

\jeZ/rZ\{0} / 

according to section [3.1.21 (more particulary equation l(4T|)) and where 

so,(£;,,j):= 50j(i;,,j) f|so(i;,). 

Vez/rZ\{o} y 

The metric connection V gives us a splitting: rZ^j,(£') = ®Ti.^ . Indeed we have the following 
splitting (coming from V) 

TSO{E) = V^'^^-^) e n (53) 

where Vj'^'-^^ = TjSO{E^) = J.so{E^) (since = V(J*J) = (VJ)* J + J*(VJ) VJ G 
TjSO{E^)). Then for all (local) section J: U d M ^ Nz, we have 

= VJ^'^ = ^ Jf (VJ) j' 

p+;=2fe-i 

so that according to (|39l) . V J G and thus in the decomposition l(53|l . we have [dJ]yso(E) € 
and hence [dJ]T-c — dJ ~ [dJ]yso(E} G TNz which leads to 

TZ^^{E)^V^®Hiz,.^^E). (54) 

Then we can endow Nz with the metric defined as in l(48)) and where the fibre ( , )\;z is induced 
by the trace metric l(i9)) . for which we have = . 

Furthermore let us remark that TZ|'j,(_E) is a subbundle of TSO{E)^z^^{e) and that we have 

T50(i?)|2.jB) = Bo{7t*zE)®B4tt*2E)®H^z^^^e) 
= Bo{7:*zE)®TZ^,{E) 

where 

B^{tt*zE)j - Bo{E^,J) and 



B,{Tr*zE)j = 6,(S,,J):=( 6, (£;,, J) ) f| End(£;,) = V, 



for all J e Z2k{E). In other words, 7r|-i? is canonically endowed with a 2fc-structure: Xj = J, 
VJ e Nz, and this 2fc-structure defines the spaces Bj{Tr^E) :— Bj{Tr'^E,2). 
Now let us precise the relation between SO{E) and Bo{E) and in particular the relation TjSO{Ex) 
J.so{Ex). For J e SO{E), let 

Lj: ^ e End(j;^) i — > J. A G End(j;^) 



^"still with the notation defined in section [3.1.21 
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be the left multiplication by J in End(£'a;), with x — p(J). Let us still denote by X, the 
tautological section of p*SO{E) defined by Jj = J, VJ e SO{E), and whose restriction to Nz is 
our canonical 2fc-structure I on n^E. Then let Lj: SO{E) — > Aut(End(p*i?)) be the section 
of the bundle of linear automorphism of the vector bundle End(p*i?) defined by 

Lx: J G SO{E) I — >Lje Aut(End(£;p(j))) 

or more concretely 

Lj: {J, A) e End(p*S) i — > {J, J. A) e End(p*£;). 

Then we have 

^so(E) ^ Li{50{-p*E)) and B.j{it*zE) = Li{50j{it*zE)) 
which we will denote more simply by 

yso(is) ^2:.so(p*i;) and Bj{-k*zE) = 1. 50 j{-k*zE). 

Example 4.4 Let us consider the previous example and let us suppose that there exists a 

2k 

(global) section Jj of {Z2k{E)y ~ Up,"{E) for some j € Z and p' — —— — — . Let us consider the 
subbundle 

iV^ := J,) = { J e ZUE)\ J' = J,} 

for which we have the natural fibration tt^ : Z^j^ j{E, Jj) M. The vertical space is given by 

VJ e TVi, Vf ^' = TjZ2",,j.(i?,, J,) - ®^;:^t^Bqp{E,, J) = J.n*_,{E^, J) 

according to iji^ll^ . where 

u*_i(S„ J) = (B^'l't'sOpqiE,, J) = Uj-i{E,, J)/uo{E,, J) = soo{E,, J)/soo(S„ J). 

Furthermore, differentiating the definition equation of Z2k,j{E, Jj): J^ = Jj, we obtain: for all 
(local) section J of tt;^, 

VJ^ = ^ fyjJ'^=VJj (55) 

so that 

V J e V^'^' ^ V = 0, 
therefore in general, we have VJ ^ V^'-'. We will simply set 

n^-^ = v^-^^nTZ^,^^iE,j,). 

Then the splitting 

TZ^f,^j{E, Jj) = V^'^ ® 7^^'^' 

do not correspond to the splitting l(53|) or equivalently to (|54|) . in general. In other words, the 
connection in ttz defined by the horizontal distribution Ti-i^^ is not reducible to a connection 
in TT^ (which could only be H^'^): it happens if and only if Ti is tangent to iV^. Besides we 

^^and with the notations of section [3.1.3l in particular p = -. 

(ni) 
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have two different ways to decompose the orthogonal of V^'^ in TNz, using the decompositions 
TNz = V^®n^ or TiV^i^j = TN^^ ® TN'z^: 

In particular, we have for any (local) section J: U C M ^ 

[dJ]vz., = [VJ]vz.j = prvl,(VJ) 

where [ ]\iz,j : TNz V^'^ and pry^^j : Vz — > V^'^ are resp. the orthogonal projections. 
Moreover, let us decompose TSO{E)\z^^ .{E) into an orthogonal sum making appear the vertical 

subbundle V^J of 7V^: 

TSO{E)^^,^ = Bo{tt'z*E,I)(B S^Tr^*^;,!) ® H^j^,^ 

yz.j±^^z 



Now let us see how we can determine H'^'^ from the section Jj. First we remark that H^'^CiV^ = 
{0} (indeed ker ^tt^ n7^^^^ C ker ^tt^ nT7V|. = V^'^ and of course V^'^CiH^'^ = {0}). Therefore 
H^'^ is a vector subbundle of {V^^^^ r\V^)®n which satisfies (V^'^'^ n V^)n7i:^J = {0}. Thus 
n^'^ is the graph of some linear ma£l T : H ^ V^'^'^ n V^, El 

id + T: e Ti: + r(M/^) en® iv^'^'^ nv^) 

has H^'-' as image. 

Let us concentrate ourself on l(55)) . VJ is in so that we can write it VJ = ^ith 
Ai e S0i(i?, J), according to (|52l) . Then we have Vi € {1, ... ,r — 1}, 



so that 



1 - «)J 



r 

where as usual p = r is the order of w^. In particular, we remark that (with obvious 

notation 

L{f)oR{Ji)-^:B,{E,J)^B,{E,Jj) (56) 



^^i.e. a morphism of vector bundle 



^^In the following reasoning, we will forget the index "\N-!^" in W.^j to do not weigh down the equations. The 



right notation will reapear in the final equation, 
^^remark that B,{E,Jj) = J^.so,{E,ji) = {{®i^z^\p.z^so^{E , J)) r\so{E,J)) 
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is a surjective map with kerneo 

iep.z^\{o} 

so that it induces an isomorphism from 

onto Bi,{E, Jj). Let us denote by P^{J) the surjective map (|56|) and by P^{J)~^ the inverse map 
of the isomorphism induced on J.so,(£', Jj). Then we have 

P\J){VJ)^VJ, 

so that [VJY^''^^'^^ = P^{J)-^(yjj), but we have VJ = [dJ]^^, and therefore 

[^j]V^-^nv^ =PJ(J)-1(VJ,). (57) 

On the other hand, cJtt^ o dJ ~ Mtm so that c?7r^ o [dJ]^ = Htm, which with l[57|) allows to 
conclude that 

r = P^'(J)-lo(VJj)od7r^ 

that is to say, for all W € "^i^j 

where W = (Jo, W^Jo), Jo G iV^, l^Jo e Hjo- 

4.1.3 ^'-torsion, ^'-difference tensor, and curvature of a Pfaffian system 
^'-torsion, ^'-difference. Let us consider a vector bundle morphism 

TM {E,V) 



M N 

V being a connections on the vector bundle E. Then the ^'-torsion of V is the valued 
2-form on M, 

r*(x,y) = Vx(*i^) - Vy(«'X) - ^ix,!^] = d^^{x,Y) yx,Y e c{tm). 

Let us give now some examples. 

Example 4.5 Let be a manifold and suppose that we have a splitting TN = V(B'H and sup- 
pose also that the vertical bundle V is endowed with a covariant derivative and let 4>: TN — > V 
be the projection (morphism) on V along H, then we can speak about the 0-torsion of V^, 

TN > (V.V"") 

i i ■ 



^^Obviously, since J is a local section, everything is local here and E must be replaced by Ejj := p ^{U), but 
we do not want to weigh down the notations. 
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Example 4.6 Let s: M ^ {N, V) be a map from a manifold M into an affine manifold {N, V) 
and suppose that we have a splitting TN = V © 7i, then let us consider the morphism of bundle 

TM ) (V,V^) 

where V" is the vertical part 
of the afEne connection V. 

M — ^ N 
Then the veHical s-torsion of N is := T'^"" = d^^d'"s. 

Example 4.7 In particular let us take s — Wat (in the previous example) and thus (Fs — (f) the 
projection on V and then the (/)-torsion of (or IdAr-torsion of N) is the vertical torsion in V: 
= 

Now for any map s : M N we have 

T' = s*T''. 

We will say that s is vertically torsion free if = 0. ■ 
Now, we define the '0-difference and the -(/'-equivalence. 

Definition 4.1 Let E ^ N he a vector bundle and let us suppose that we have a morphism of 
bundle ip- TN E (over Id^ )■ Let us consider the ip-torsion of a given connection V in E (if 
tp is an isomorphism then T'^ = ipoT, where T is the torsion of the linear connection oW oijj 
on N). Given another connection V in E, the ip- difference tensor for the pair (V, V) is 
defined by 

S'^iX.Y) - Vxm) - ^'xiW) = (V - V')x{W)- 

Then is symmetric precisely when V and V have the same ip-torsion. On the other hand, if 
S"^ is skew- symmetric we will way (following JJSjj) that V and V' are tp- equivalent: it means 
that these have the same ip -geodesies, a ip -geodesic of V being a path y(t) in N solution of the 
equation 

V,,(,)(^2/'(i)) =0 

(if ip is an isomorphism then tp-geodesics are precisely the geodesies of ip^^ o V o Tp). 
Curvature of a Pfafiian system 

Definition 4.2 Let V be a Pfaffian system on the manifold N . Then for any local sections of 
V , X,Y: {N,a) V, defined in the neighbourhood of a G N, the image {[X,Y]a)v of[X,Y]a by 
the canonical projection TaN Va ^ TaN/Va, depends only on the values Xa,Ya at a ^ N , of 
the vector fields X, Y. We define the curvature ofV as the tensor R G A^V* (8) V, 

RaiXa,Ya) := -{[X,Y]a)v ■ 

Definition 4.3 Let N be a manifold endowed with a Pfaffian system V ("vertical subbundle") 
and let us suppose that V admits a connection i.e. a complement Ti ("horizontal subbundle"): 
TN = V © 7i. Then V is identified to TN jV so that the curvature of the connection Ti becomes 
the tensor R £ JSP^H* ® V defined by 

R(x,r) = -[x,y]v \/x,YeC{n) 

the subscripts "V" designing the V-component along H. 
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Convention We will often extend R to the corresponding horizontal 2-form on N, still denoted 
by i?: R G A'^T*N ® V such that R(X, F) = if X or F g V. 

Proposition 4.1 Let N be a manifold and suppose that we have a splitting TN ~ V (3 H and 
suppose also that the vertical bundle V is endowed with a covariant derivative V*^, then we have 

R-H being the curvature ofH. 

Theorem 4.2 Let n: Q ^ Q/H ^ M be a H -principal bundle endowed with a connection 1- 
form Lo: TQ (). Let Ti = keroj C TQ be the corresponding horizontal subbundle. Let be 
= duj + ^[ijj h u] the curvature 2-form. Then we have 

(Rw),(x, Y) = q.n^ix, Y) yq e Q, yx, y en^ 

Kn being the curvature of the connection Ti. In other words, we have 
where fi* = q.0.q. 

4.2 Harmonic sections of homogeneous fibre bundles 

In this section, we study fibre bundles n: N ^ M for which the fibre is a homogeneous space 
H/K. To do that, we follow the exposition of [42j (subsection 14.2.11 and 14.2.21) and then we add 
a generaHsation of the results (of [42]) to non section maps in the end of 14.2.21 and finally we 
study the homogeneous fibre bundle reductions in 14.2.31 

4.2.1 Definitions and Geometric properties 

Let ttm ■ Q M he a principal i/-bundle, with H a Lie group. Let K he a Lie subgroup of H and 
N — Q/K. Then the map ttn: Q ^ N is a principal if-bundle and we have ttm = tt o ttat where 
tt: ^ Af is a fibre bundle with fibre H/K, which is naturally isomorphic to the associated 
bundle Q Xh H/K. We assume the following hypothesis 

(i) H/K is reductive: t) = 6®p, and KAK{p) C p, where f) and 6 are respectively the Lie algebras 

of H and K. 

(ii) AI is endowed with a Riemannian metric g 

(iii) H/K is Riemannian: there exists a i/-invariant Riemannian metric on H/K (equivalently 
an AdiiT-invariant (positive definite) inner product on p). Equivalently AdpK is compact. 

(iv) The principal ff-bundle ttm : Q M is endowed with a connection. We denote by w the 
corresponding [}-valued connection form on Q. 

Then the splitting TQ = Vo®Ho defined by uj (Vq = kerdnM, H-q = kerw) gives rise by d-K^, to 
the following decomposition TN = V ® H, where V = kerd-Tr = duMiVo) and Ti = diTNO^o)- Let 
pQ :— Q x K p ^ N he the vector bundle associated to ttat : Q ^ N with fibre p. Let us denote 
by [q, a] € pQ the element defined by (g, a) G Q x p. Then we have the following vector bundle 
isomorphism 

I: V ^ Pq 

d-KNiq-a) I — > [q,a] 
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where q G Q, a G p and as usual q.a = ^ Q- exp(ta) G TqQ. Decomposing lo = luij + ujp 

following I) — t(Bp, then since H/K is reductive, ujp is a if-equivariant {ujp{X.h) — AdhujplX)) 
and TTAT-horizontal (i^piVo — 0) p-valued 1-form on Q and hence projects to a p-valued 1-form (p 
on N: 

Then we have 

— I and 'keT<p — H. 
We can now construct a Riemannian metric h on N: 

h = Tr*g + {(j>, <j>) (58) 

where ( , ) is the fibre metric induced on pg by the inner product on p. 

In the same way, let $ be the pq- valued 2-form on N defined by the component flp of the 
curvature form fl of to. Since flp is TTM-horizontal {i^{X, Y) — if X G Vq or Y G Vo), then $ is 
TT-horizontal: F) = 0, if X e V or F G V. 

Remark 4.1 In [32], pg is called the canonical bundle, I the canonical isomorphism, (j) the 
homogeneous connection form, and $ the homogeneous curvature form. 

The 1-form wj. (which is a connection form in tt^v because H/K is reductive) defines a connection 
in ttn called the canonical connection. This connection induces a covariant derivative in the 
associated bundle pg, with respect to which the fibre metric is parallel. defines a exterior 
derivative d'^ on the space of pg-valued differential forms on N. This allows us to define the 
canonical torsion T'^ which is nothing but the 0-torsion of (see section l4.1.3p 

r=(A,S) =d"0(^,S) = V5i((?;.B)- V^(0yl)-0[A,S], \fA,BGC{TN) (59) 

Let [}q :— Q Xh i) ^ M be the vector bundle associated to ttm with fibre (), and in the same 
way ?Q := Q X K t N the bundle associated to ttn with fibre [). Then we have 

7r*f)Q =«Q®PQ. 

The Lie bracket of f) induces a bracket on the fibres of ()q, and those of 7r*t)Q, which we continue 
to denote by [ , ] , and we denote also its pg-component (when there is no risk of confusion) 
by [ , ]p (otherwise we denote it by [ , ]pq ). Taking the p-component of the structure equation 

duj = fl — -[uj /\ Lu] and then projecting on N, we obtain the homogeneous structure equation: 

T^ = $_i[0A(/.]p (60) 

and thus 

^|VxV = ^I-^'' -^'Ip' ^Vx-H — 

In particular, T'^ is horizontal if and only if H/K is a (locally) symmetric space, and in this case 

T" = ^ (61) 
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Remark 4.2 According to l(60|) and (|59|) . for all X, F e 7Y, (extended to vector fields in N 
denoted by the same letters), we have 

^X,Y)^T-{X,Y)^-(I){[X,Y]) 

so that 

according to definition 14.31 The homogeneous curvatm-e form is nothing but the curvature of the 
connection H. . 

Now, let U be the pQ-valued symmetric bihnear form defined on pg by: 

(U(a, 6), c) = ([c, a]p, 6) + (a, [c, 6]p) (62) 
where ( , ) is the fibre metric, and a, 6, c € pQ. Let us set 

B = U+[, ]p 

which is a pg-valued bihnear form on pg, whose the symmetric and skew symmetric components 
are respectively U and [ , ]p. U vanishes if and only if H/K is naturally reductive and B if and 
only if H/K is (locally) symmetric . Then denoting by the Levi-Civita connection on N, we 
have: 

Theorem 4.3 14^] Let us consider the difference tensor: 

then we have 
Consequently, \/V G C(V) 

nviV) - VxilV) + iB(0A, IV). (63) 
In particular, if H/K is a (locally) symmetric space, we have 

IV\V = V^j,{IV). 

Remark 4.3 If H/K is a symmetric space, under the canonical identification /: V pg, we 
have V = V on V. More generally the difference between V" and V looks hke to the difference 
between the Levi-Civita and canonical connections of a reductive Riemannian homogeneous space 
(see section [L6)) . 

Moreover, V" is 0-equivalent to when H/K is naturally reductive, according to (|63| . 

Let be the covariant derivative in the vector bundle [}q (associated to ttm), defined by 
the connection form u. Let us decompose (the 7r-pullback of) V" following the decomposition 
7r*f)Q = fig © pQ, and the pg-component gives us a connection V in pg. 

Theorem 4.4 For all V £ C(pg), 

= - [0, a]f, 

and 

= ypy - [(/), y]p = v"v^ - [0, V]. 

Consequently, V and are (/)- equivalent (since their (j)-difference is [(p, (j>]f,). In particular 
V V if H/K is a (locally) symmetric space. 
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Example 4.8 Let us consider the situation described by example 14. II and suppose that u: L ^ 
M is an isometry. Then if tt : TV ^ M is a homogeneous fibre bundle like above then this is also 
the case for u*Tr: u*N — > L. 
Indeed let us set 

u*Q = {{z,q)eLxQ, qenl,\{u{z)})}^ \J{z} x f{z).H 

zeL 

then u*7rM : (z, q) G u*Q i— > z e L is a principal i?-bundle over L. Then we have u*N — u*Q/K, 
and u*7r: u*N ^ L is a fibre bundle with fibre H/K. 

Finally we have to define a connection on u*ttm ■ u*Q L. Let us extend the connection uj, to 
a connection on Hl x ttm : L x Q L x M hy ijj(^z,q){dz + dq) = ujq{dq) and then let us set 

u*uj := (i|r(„.Q). 

In the same way, the homogeneous connection and curvature forms on u*N are given respectively 

by 

U*<P (i>\T(u'N) and $|T(n*Af)ffiT(«-Ar)- 

The canonical torsion on u*N is also given by u*T'^ := Tyj,^_^, ^^^j,^^^, j^y 
4.2.2 Vertical harmonicity equation 

We know that the structure group H of ttm : Q ^ M \s reducible to K (i.e. there exists an K- 
bundle ir'j^j : Q' M) if and only if the associated bundle n: N ^ M admits a (global) section 
s: M ^ N (see [33]) so that there is a one to one correspondance between the if- reductions of 
ttm and the space of sections C(7r). 

Let u)' = Wfii^g,. Then uj' a connection in tt'j^, and uj is reducible if and only if uj^j^q/ = u' (see 
[33]1. The reducibility of w can be characterized as follows. 

Proposition 4.2 The following statements are equivalent: 

(i) s is horizontal; 

(ii) s*</) = 0; 

(iii) s is an isometric immersion; 

(iv) UJ is reducible 

Now we have the following expression of the tension field for sections s: M ^ N. 
Theorem 4.5 142] For all s e C{n), 

/(r''(s)) = -d*(s*0) + iTr(s*rU) 

where d* is the coderivative for s*pQ-valued differential forms on M relative to the s-pullback of 
any connection in pQ which is 4>- equivalent to V^. In particular, if H/K is naturally reductive 
then s is an harmonic section if and only if s*<p is coclosed. 

Remark 4.4 If H/K is naturally reductive, to compute the vertical tension field t'"{s) ~ 
Tr(V^c?^s), we can use instead of V" any connection in V = Pq which is ^-equivalent to V^. 
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From the homogeneous structure equation ((60l) . we obtain 

s*$ = rf^(s*0) + i[s*(/.As*</)]p, 

hence every horizontal section is flat (i.e. s*$ — 0). 

Let us introduce the following 3-covariant tensor (s*0 ® s*<i>) on M: 

{s*^ (g> (X, Y, Z) = (s*<^(X), Z)), 

then we have 

Theorem 4.6 JJ^] For all s G C(tt) we have 

(i) ^(Vds) = \/''[s*(j)) + is*0*B - is*$. 

/n particular, if s is vertically geodesic then s is a harmonic section. 

(ii) 2g(7r,Vds(X,y),Z) = {s* (j) ® s*<^'){X,Y, Z) + {s* (j) ® s*<^){Y, X, Z) . 

Therefore s is horizontally geodesic if and only if {s*(j) (g) s*$) is a 3-form on M . In 
particular, if s is flat then s is horizontally geodesic. 

Theorem 4.7 l42j 

(i) The symmetric and skew symmetric components ofJT^s V^d^s are given by: 

/(n"s) = (/)o Vds + is*$. 

(ii) The section s is superflat if and only if s is flat and totally geodesic. In particular, if s is 
flat then s is totally geodesic if and only if s is super-flat. 

(iii) Moreover t'"(s) is the vertical component of the tension field t(s). So if s is an harmonic 
map, then it is certainly a harmonic section. 

Theorem 4.8 14 2 j An harmonic section s is a harmonic map if and only if {s*(f>, s*$) =0 where 

s*<P)iX) = J2{s*<j) ® s*<P){E,,E,,X) 

i 

for any orthonormal tangent frame {Ei) of M . 

In particular, if s is flat (s*$ = then s is a harmonic map if and only if s is a harmonic 
section. 

Remark 4.5 Let us consider the situation described by examples 14. II and 14.81 Then if /*$ = 0, 
/ : L ^ iV is vertically harmonic if and only if / : i m* A'' is an harmonic section if and only if 
f : L ^ u*N is an harmonic map. But it does not imply that /: L ^ is harmonic! (See the 
Appendix.) Indeed in the previous theorem it is essential that s be a section: tt o s = Id. 

In fact the previous theorems can be easily generalized for non section map . The proofs in [32] 
holds without any change for theorems 14. 5114. 6U i). 14. 7l -(i. iii). while for theorems 14. 6l -(iil. l4.7U ii). 
14.81 follow the proof of [42], just replace the starting equation it o s — Id hy i: o s = u. Then we 
obtain 
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Theorem 4.9 For all s e C°°{M,N), we have 

(i) I{t-{s)) - + iTr(s*0*U) 

(ii) (j){S/ds) = ^=(5*0) + ^s*(j)*B - is*$. 

In particular if s is vertically geodesic then s is a harmonic section. 

(iii) /(n"s) = (/) o Wds + is*$. 

The map s is superflat if and only if s is flat and vertically geodesic. Moreover t'"{s) is 
the vertical component of the tension field t(s). So if s is an harmonic map, then it is 
certainly vertically harmonic. 

(iv) 2g{Tr^\7ds{X,Y),u^Z) = {s*^®s*<P){X,Y, Z) + {s*(t)(^s*<i>){Y, X, Z) + 2g {\7du{X,Y),u^Z). 

Let us suppose now that u is an immersion, then this equation determines the horizontal 
part ofVds. In particular, if s is flat then s is horizontally geodesic if and only ifu is totally 
geodesic; and s is totally geodesic if and only if s is superflat and u is totally geodesic. 

(v) A vertically harmonic map s is a harmonic map if and only if 

.g(T(«),.) + (s*0,s*$) =0. 

In particular if s is flat, then s is a harmonic map if and only if s is vertically harmonic 
and u = TT o s is harmonic. 

We could also deduce this generalisation from the previous theorems I4.5H4.8I themself . Indeed we 
can apply these to the section s G C{u*N) corresponding to s and use theorems 17.11 and 17.21 in 
the Appendix, but we must suppose in addition that u is an isometry. 

Let us go further in the generalisation and consider maps / G C°°{L,N) with(L,5) a Rie- 
mannian manifold (see examples 14.11 and 14.81) . Then the proofs in |42j holds fo theorems 14.51 
I4.6l -(i). [4?7l -(i. iii). whereas theorems I4.6l -(ii). I4.7l -(ii). 14.81 are no longer valid. Indeed the equa- 
tion in theorem I4.9l -(iiil holds, but it gives us only [TT^Vd/Ju^TL, the component of [Tr^Vd/] in 
the tangent bundle m+TL. So if we want [7r*V(i/](„^7-i)i we must introduce the 3-linear form 
® e C{T*L ® T*L ® f*n) defined by : 

{f*<P^f*^iu-)){a,b, Z) = {f*c^{a),^f,a,Z)). 

Then we have 

Theorem 4.10 For all f e C°°{L,N), we have 

(i) ff(7r,Vd/(a, b), TT*Z) = (f*cP /*$(i,))(a, 6, Z) + g[\/du{a, b), tt^Z). 

In particular, if f is strongly flat i.e. (f*^(i..) ~ ^ f{df, •) = 0^ then: 

- f is horizontaly geodesic if and only if u is totally geodesic. 

- f is totally geodesic if and only if f is superflat and u is totally geodesic. 

(ii) A vertically harmonic map f is a harmonic map if and only if 

.g(r(u),.) + (r0,r<I'(i,)) -0 

where /*$(i,.))(X) = /*^>(i,.)) (e*, e^, X) for any tangent frame (e^) of L. 

In particular if f is strongly flat (/*<i>(i..) =0^ then f is a harmonic map if and only if f 
is vertically harmonic and u is harmonic. 
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4.2.3 Reductions of homogeneous fibre bundles 

Let us suppose now that the structure group H of ttm - Q ^ M is reducible to a (closed) 
subgroup H'' D K. That is to say, there exists a principal i?^-subbundle n]^,J : M. Let us 

suppose in addition to that, that / K is reductive: \f = l(Bp^ and Adfc(p"') = , Vfc G K. 
The restriction to of the Adif-invariant inner product on p defines a i/^-invariant metric on 
IP jK which is nothing but the metric induced by the i?-invariant metric on H/K , so that the 
inclusion / K H/K is an isometric embedding. Let p' = (p^)^ in p and let us suppose that 
p' is Ad/f ^-invariant, so that () = f)'^ ffi p' is a reductive decomposition and H/H^ is reductive. 
Conversely if H/H^ is reductive: t) = \f ® p' with p' Ad77^-invariant, then we can always 
complete any Adi/^-inner product in p' by an AdiiT-invariant inner product p = p^ p': 

( , >P = ( , >p- + ( , >P' 

for which p' — {p^)^ in p. 

In the following we suppose that H/ is reductive andthat the inner product in p is chosen as 
described above. 

Now let us turn toward the connection 1-form lj. Its restriction := Ldf^^^TQ^ defines a con- 
nection on ttJ^ : ^ M. We endow with and (Q^, i/^, K, w^) is then a homogeneous fibre 
bundle as defined in the begining of 14.21 

Moreover uj is reducible (to uj^) in if and only if one of the following equivalent statements 
holds ([331) 

• £ Q^, {'Ho)q is tangent to . 

• u>\xQ^ =10^ (i.e. uj\TQ^ is l)^-valued). 

• The canonical cross section of the associated bundle E'^ := Q/H^ = Q {H/H^), which 

defines the i?^-reduction Q" is horizontal. 

The vertical bundle (in TQ), Vq, splits as follows 

where (Vq )g = g-f}^ = Tq{q.H'^) and (Vo)g = g.p', and quotienting by t, i.e. by applying d-n^ we 
obtain the following decomposition of V: 

V = V' © 

with V = d-KNiVo) and V"" = duNiVa)- 

Then the canonical isomorphism /: V ^ pq sends the previous decomposition onto the following 
pQ = pQ © pQ (i.e. V, are sent resp. onto pg and Pq). 

Then the vertical space in TN^ is V|^v that we will also denote by when there is no possibilities 
of confusion. The splitting of TN'^ by lu^ is then 

where TV = diiNiJ^},) and H.^ = kerwi^v. Let us remark that uj is reducible if and only if 

/t|^v — /t|Arv. 

The canonical bundle on , p^v = Q'^ x_r- p'' ^ iV^ is the restriction to W of p^ N, and 
the canonical isomorphism P : V|^v — > pgv is the restriction to VJ^v of /: V — > pg. 
Since uj = Wpv +ujp>, the homogeneous connection form on N^, 4>^ (the pgv -valued 1-form on 
defined by Wpv) is the restriction to of the pg-component of 4>: 
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The homogeneous curvature form <i>^ (defined by ilpv , with 17^ = dw^ + -[oj^ A uj'^] ) is given by 

Furthermore, pgv is V^-parallel: the covariant derivative on pgv defined by uj^^pg^ is the re- 
striction of to pQv. In other words commutes with the projection on pq. The canonical 
torsion on is given by 

Let us denote by t^(s) the vertical tension field of s € C°°{AI, N^). According to theorem I4.7[ 
we have t''(s) = [rjv(s)]v for all s € C°°(M,7V), and t^(s) = [rjvv(s)]vv for all s € C°°(M,7V^). 
But if oj is reducible in , then the inclusion iV^ — > iV is an isometry and hence the Levi-Civita 
connection in N'^ is the orthogonal projection in TN^ of the Levi-Civita connection in N. Thus 
we have TTvv (s) = [tn{s)]tn- for all s € C°°(M, TV), so that r^(s) = [[rAr(s)]TArv]v- = [t7v(s)]vv. 
Therefore we obtain 

Theorem 4.11 Let us suppose that to is reducible in . Let s G C°°{M, N^), then s is vertically 
harmonic in N (t^{s) = 0) if and only if it is vertically harmonic in (T^is) = 0) and 
[tn{s)]^ — 0. In particular if s is vertically harmonic in N then it is also vertically harmonic 
in N-". 

4.3 Examples of Homogeneous fibre bundles 

In this section, we give examples and applications for the theory developped in the previous 
sections whose we use here the same notations. 

4.3.1 Homogeneous spaces fibration 

Let us take Q = G a Lie group, and K <Z H <Z G subgroups of G, {H, K) satisfying the hypothesis 
in the begining of section [4.2.11 Let us suppose that M = G/H is reductive and Riemannian: 
that is to say if g = [) ® m is the reductive decomposition, then Adm-ff is compact and we 
choose an Ad77-invariant inner product ( , in rn. For uj, we take the canonical connection on 
TTjvf : G G/H which is given, let us recall it, by a; = where 9 is the Maurer-Cartan form in 
G (see section 11.31) . Then the corresponding decomposition TQ = Vo © is given by 

Vo Ho 

Since n := p © m is Adif- invariant, then g = ? © n is a reductive decomposition and N — G/K 
is reductive. Let us recall that we have the canonical identification G Xk Q = N y. q given by 
([7]) , which gives us an identification no = G x n = [n] . Then under this last identification and 

under the one given by the Maurer-Cartan form of G/K, (3: TN [n] (see section fOl) . the 
splitting TN = V ®n\s 

T7V= [p]©[m], 

the canonical isomorphism /: V — > pc is then the identity, and 4>: TN — > pa the projection on 
[p] along [m]. The metric h on G/K is then defined by the Adif-invariant inner product: 

( , )n = ( , + ( , )m. 
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Furthermore, Q ~ duj + -[uj /\ cu] = dO^, + - [0^ A 6*1,] and thus 



r!p =d0p + [0eA^^p] + -[0p A0p]p. 



Since dO + -^[9 /\ff\ = 0, then (projecting on [)) we have 

+ A0^] + ^[0^A0,n]h 



thus 



so that 



therefore 



— — 2 [^m A 



f^p = -Tri^m A0n,]p (64) 



* = -^[^AV]p (65) 



2' 

where -0: TA^ Ti, = [m\ is the projection on 7i along V = [p]. 

The covariant derivative V^, which lifts into d + 9i in G, is nothing but the canonical affine 
connection V° in TV = G/K restricted to [p] C TN (see section [Ol and [TS)) . 
The canonical torsion T^, which lifts in G into 



dOp + [6^ A 0p] = A 0n,]p - ^[^^p A 0p]p (66) 



is given by 
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The associated bundle 

[)G - G x^f [) [f)]*^ {(.g.po, Ad(7(a)),5 G G,a G ()} C M x g 
can be embedded into so{TM) b\F1 

^ = Ad(7(a) e Ad5(()) = [f]]fp„ ade|Ad3(m) = Adg o adnafl o Adg-^ G so(Ad<?(m)). (67) 
In the same way, = G X/^- 1 = [t]^ embedds in so(iV). Moreover let us remark that we have 

^*t)G = G Xk f) = = {(ff.no, Ad5(a)),5 e G,a e f)}, 
and that 7r*f)G embedds into so(7r*TM). 

As concerns the covariant derivative V", defined in it lifts into d + in G and under the 
embedding l(67|) . it is nothing but the restriction to the subbundle so (TM) of the endomorphism 
connection on M (i.e. the tensor product connection in T*M (g) T*M) defined by the canonical 

^^In particular, according to H65II . we recover, for this example, the Homogeneous structure equation 1)6011 . 
^'^Or in other words [g,a] G fjg = G Xjj f| ^ [g,adma] G G Xj/ £io(m) = so(TM). 
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M 

affine connection in M, V°. Indeed under the embedding l(67|) . V" lifts to the derivative d+adm^i, 
and equation (flS)) allows to conclude. 
Therefore V is given by its lift El 

[(d + 0O|p]p =d + adp0e + [0p,-|p]p (68) 

that is to say V is the [p] -component of the affine connection in G/K (see section II. 6p 
restricted to [p] C TN. (Indeed we have [^n, = [^p, ■\p\p + [^m, but [m, p] C [m, t)] C m 
by reductivity.) 

Moreover the Levi-Civita connection in N is given by (see section flTBl) 

N 1 

V = = V" + ^B^ 

where = [ , ][n] + and is defined by equation ifTSjl. Then we have by taking the 
projection on the vertical subbundle [p]: 

so that we can conclude according to theorem (|4.3p that 

0oB^ = (/)*B-$ 
which can be verified directly using the expressions of B^, B and <&. 

If H/K is (locally) symmetric. In this case, we have T'^ = $ (see ((60l) . or l(66)) and (l64|) ). 
Moreover, according to (|68l) . V lifts to d + ^e, so that we recover that V = V'^ in this case. 
Now, let us apply the equality V" = V'^ in V (theorem [43@- 
Let / : (L, 6) — > be a map then we have 

T^if) = Trb(V^dV) = ^rf"^" * (P'u = *AdF(d(*ap) + [at A (*ap)]) ./ 

where lifts f in G and a = F~^dF. Then / is vertically harmonic if and only if 

d{*ap) + [q!{ a {*ap)] = 

Moreover / is fiat (/*$ = 0) if and only if it is vertically torsion free (/*T'^ = 0) if and only if 

[am A Q!m]p = -4=^ dap + [a^ A ap] = 0. 

G/K is a (locally) 2fc-symmetric space Let us suppose that there exists an order 2k 
automorphism r: g — > g such that K = Gq with Go such that (G"^)" C Gq C G'^, and 
(G'^)° C i? C G*^ with (7 = (see section [2?T|) . Then iJ/if is (locally) symmetric (see sec- 
tion I2.ip . We have the following identities (with the notation of section 12. ip 



Then we have 



so that in particular 



m = e^^iiTij and t = go, p = g^. 



i-\-j—k 



^^We can also use directely theorem 14.51 
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Proposition 4.3 Let {L,j) be a Riemann surface. If /: — > N satisfies the equations 
a'!_j =0, l<j</c — 1 then we have /*$ = 0. In other words if /: {L,j) ^ N is horizontally 
holomorphic then it it is flat, that is to say / is vertically torsion free or equivalently 

dak + [oio A ttfe] = (69) 

Theorem 4.12 In the even determined elliptic integrable system (Syst(A:, r)), the last equation 
(Sk) is equivalent to 

J (Re(S'fe)) = dak + [o^o A at] — ■^=> / is vertically torsion free i.e. f is flat, 
\ (Im(S'fc)) = d{*ak) + [ao A {*ak)] = ■4=> / is vertically harmonic. 

In conclusion the even determined elliptic system (Syst(/c, r)) means that the geometric map f 
is horizontally holomorphic (which implies that f is flat) and vertically harmonic. 

Remark 4.6 The vertical torsion free equation l(69)) is the projection on p of the Maurer-Cartan 
equation provided that we assume the horizontal holomorphicity a"^ = 0, 1 < j < A: — 1. In 
the same way, the equations (Sj), < j < fc — 1, of the elliptic system (Syst(A:, r)), are the 
projections on the different spaces Q-j, of the Maurer-Cartan equation, provided that we assume 
the horizontal holomorphicity. In section[2l this hyphothesis was (sometimes) implicitely assumed 
implicitely by deflnition of a: a' = u. 

Use of the canonical 2fc-structure 3j„. Furthermore the morphism of bundle (over M) 
3j„: N Z!^°.^{M,.J2) C Z^^{M) defines a 2/c-structure on 7r*TM (still denoted by JjJ, 
which according to i(23|) allows to precise the subbundles to and pc (under the embedding 
7r*[)G '-^ so{iT*TM)) 

Ig = {A^^T*\)G\[A,l.J,]^0}■.^50(+r){^*TM,3J,)C^n*^G (70) 
Pg = {Ae 7r*()G|AJj„ :=S0(_i)(^*rM,3jJn7r*[)G (71) 



Remark 4.7 The embedding \)g ^ so(rM) is the 7/-equivariant extention of the map a £ 
f) 1-^ adma g so(m) = so(Tp„M), and in the same way is the 7?-equivariant extention of 
the map H.Gq G H/Gq i-^ hJoh^^ G Z{TpgM, Jq), so that the equations i|70p are obtained by 
H-equivariance from l(23)) . 

Let us now express the homogeneous fibre bundle tools (j), <i>, and in terms of the embedding 
3jg. To do not weigh the notation we will forget the index Jq in 3jg, in the following theorem. 

Theorem 4.13 IfA,Be TN, F e C(Pg) then 

1 M 

(i) <^A = --J-iV0 3 

-I M M M 

(ii) $(A,S) = -3-^[3,tt*R^\A,B)] where is the curvature o/V". 

N 1 M 

(iii) VxF^V^F^-J-^iJ^V^^F]. 
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Theorem 4.14 Let s e C(7r) and J = s*'^Ja G C('2^fe 2(-^'^' •^2)) be the corresponding 2k- 
structure. Then 

2 M M 

(i) I{d'" s) = — - J^^V" J. T/iMS s is horizontal if and only if J is -parallel. 

1 M 

(ii) /(n^'(s)) = --[j-\(v")V]. 

M 

Thus s is superflat if and only if (V°)^ J commutes with J . 

1 M M 

(iii) i{T^{s))^-[j-\m*y^j]. 

M M 

Thus s is a harmonic section if and only if (V°)*V'^ J commutes with J . 

1 " 

(iv) s*$ = -J-i[J,i?^°]. 

These properties hold also for maps f £ C°°{L, N), (L, b) being a Riemannian manifold: (i) , (ii) , (iii) 

1 "0 

without any change and (iv) becoming /*$ = - J~^[J, u*R^ ], with u ^ tt o f . 

Corollary 4.1 Let {L, j) be a Riemann surface, f : L ^ N a map and J = /*3jo the corre- 
sponding map into Z^l^r^(M, J2). Then f is a geometric solution of the even determined system 
(Syst(fc,T)) if and only if 

(i) J is an admissible twistor lift (<^ f is horizontally holomorphic). 



(ii) J is vertically harmoni\ 



M M 
70\*Y70 



(V")*V°J, J 



(4^ f is vertically harmonic) . 



Moreover the first condition implies that 



u*R^\J 



= i.e. that J is a flat section in 



M 

(End(u*rM), u*V") (^ f is flat). 

Furthermore f is a primitive geometric solution (i.e. there exists m < k such that f is m- 
primitive, which is equivalent to say that f is k-primitive) if and only if 

(i) J is an admissible twistor lift 

M 

(ii) J is parallel: V° J = (^ f is horizontal) . 

4.3.2 The twistor bundle of almost complex structures S(-E) 

We give ourself the same ingredients as in example 14.21 Let us suppose that the vector bundle 
E is oriented. Then the bundle of positive (resp. negative) orthogonal almost complex structure 
on E (i.e. the component S^(_E) of S(i?) with £ — ±1), tts : S'^(iJ) ^ M is a homogeneous 
fibre bundle. Indeed, we take Q — SO[E) the S'0(2ri)-bundle of positively oriented orthonormal 



frames of E, H = S0{2n) and K = U{n) (embedded in SO{2n) Via A + iB ^ [ ^ A ^ 



"See section 13331 for the definition of vertical harmonicity in 2^*/'„{M, J2). 
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is the subgroup of SO{2n) which commutes with Jq 

in SO{2n) gives rise to the symmetric space H/K - 
decomposition f) = t © p with 

t = {^eso(2n)|[A, Jq^] = 0} 

p = {A€so{2n)\AJ^ + J^A = 0}. 

Concerning uj, we take the so(2n)-valued connection 1-form on Q corresponding to the covariant 
derivative V in E: if e = (ei, . . . , 62,0 is a (local) moving frame of E (i.e. a section of Q) then 

V(ei, . . . ,e2„) = (ei,...,e2n)w(e;de). 

Now, let us consider the isomorphism of bundle: 

J: e.U{n) £ SO{E)/U{n) ^ J £Y.'{E)\Mat^,u(n){J) = ^o- 

The isomorphism J defines a bijection between the set of section of tt : N ~^ and the set of 
complex structure of E (sections of tt^): s G C{N) J ^ J o s E C(S+(£^)). 
The existence of a (positive) complex structure J m E - i.e. a section of tt^ : S]+(_E) M- is 
equivalent to the existence of an J7(n)-reduction of the principal bundle SO[E) — > M: J defines 
a Hermitian structure on E and then the U (n)-subbundle of unitary frames for this Hermitian 
structure, and vice versa. 

The isomorphism of bundle over M, J : N ^ E+(i?) defines tautologically a canonical complex 
structure on i:*E — > N (which we still denote by i/jfl J' : N —>■ E+(7r*i?). Under this identi- 
fication, let us precise the subbundles pg and tg. First, we have ()q = so(i?j£l, the bundle of 
skew-symmetric endomorphism of E and theiQ 

(«Q)y = {FeB0iE^(^y))\[F,J{y)]^0}^:5O+{E^^y),Jiy))=:so+{7:*E)y 

ipQ)y = e S0iE^^y))\FJ{y) + J{y)F = 0} =: 50.{E^^y),J{y)) 50-{ti* E)y. 

Then the decomposition following 7r*()Q = tg © pg of any element F e 7r*[)g = 5o{tt* E) is given 

by 

F^\j{F,J} + \j[F,J] 
where { , } is the anticommutator. 

Remark 4.8 The canonical complex structure J is, & section of the associated bundle over N: 
Y.+ {Tr*E) = n*{Q Xh E'^(K2»)) ^ n*Q x h ^^(M^"), so that it can be lifted to a i7-equivariant 
map J: tt*Q S^(K^") C f), which is given by 

J: {e.K,e.h-^) e tt*Q i — > hj^h'^ E ^"(M^"). 

Remark that the restriction of ^7 to Q C 7r*(5 is the constant map Jq (the inclusion Q C Tr*Q 
is given by e i-^ {e.U{n), e)), and that J: tt*Q ^ E'^(]R^") is the i/-equivariant extension of the 
-ftT-equi variant constant map Jq on Q. J can also be given in term of J by 

J: iy; e) e n*Q ^ Mat,{J{y)) G ^^(M^") c 1). 

^^In all the section l¥!3l as it was the case in all the section [4?2l := Q/K. 

^^and which is in fact nothing but J7*X = To J ^ see example 14.21 

^^See remark 114.811 (and more precisely equation II72II ') for the identification map. 

Since ■k*E is canonically endowed with the complex structure J ^ we need not to precise this latter in the 
notation so±(7r*i?), whereas Ex, for x g M, could be endowed with any element Jx S this is why we 

must precise it in the notation so±(Ex, Jx)- 



-Id 
Jd 

S^(M^"), and to the following symmetric 



The involution T = Int J^ 
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Furthermore, we have a canonical identification N — Q x h H/ K (via [e, h.K] i-^ {e.h).K) and the 
identification depending on J^: H/K = E'^(]R2») (via h.K ^ hJoh-^) so that TV = Qxh^^O^"^") 
(via e.K [e, Jq] ). Then under this last identification, J is the restriction to N of the canonical 
identification 

[e,a] I — > A\Mate{A)^a. ^ ' 

Therefore 

\)Q^ TBO+i-nlE) and ^ J*5Q-{-k*^E), 
with the notations of example 14.21 

Let us now express the homogeneous connection (/), the curvature foms $ and the canonical 
connection in terms of J (following [42J). 

Theorem 4.15 g^IfA^Be TN , F e C{Pq) then: 

(i) M = ^J.VaJ 

(ii) ^{A, B) — -J'[tt*R{A,B),J'], where R is the curvature operator of the V. 

(iii) V'F = ]^J[VaF, J] 

Theorem 4.16 JJ^] Let s G C(7r) and J = s*J he the corresponding complex structure, and 
V*V = — TrV'^, the rough Laplacian of E. Then 

(i) I{d^s) = —J.\/J ~ - [J, VJ]. Thus s is horizontal if and only if J is parallel. 

(ii) /(n^(s)) — - [J, V^J]. Thus s is superflat if and only if^^J commutes with J. 

(iii) /(r'"(s)) = — -[J, V*VJ]. Thus s is a harmonic section if and only ifV*VJ commutes 
with J. 

(iv) s*$ = ij[i?,J]. 

From theorem l4.151 -fi) (or theorem 14.161 - fill it follows that dj sends the decomposition TN = 
V ®H onto the decomposition TT,^{E) = ® Ti.^ coming from V (see example I4.2D so that 
we can consider tts : S^(£^) ^ M as a homogeneous fibre bundle over M with structure group 
H — SO{2n) and K — U(n). Besides, since the vertical and horizontal subbundles corresponds 
via J , then we can conclude according to (|48|) and l(58|) that J is an isometry. 

Moreover, we see that s is vertically harmonic in N if and only if the rough Laplacian V*V J of 
J in so{E) is vertical (i.e. in Vj , see example l4. 21) so that we recover the definition of vertically 
harmonic twistor lifts used in [30j and [7]. More precisely, via the isometry J, the vertical 
tension field of s - which is, let us recall it, defined using the Levi-Civita connection in N 
which corresponds via the isometry J to the Levi-Civita connection in S+(£')- is exactly the 
vertical part in 7rJso(£') of the rough laplacian of J: 

dJ{T'"{s)) = Vr^(^s)J = -2Jo(j,{T%s)) = ij[J, V*VJ] 
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according to theorem I4.15l -(i) and theorem I4.16l -(iii). Concretely, to compute the vertical 
tension field in instead of using the (abstract) Levi-Civita connection, it is enough to 

take the vertical part of the rough Laplacian (which uses the concrete metric connection 
V). 

4.3.3 The twistor bundle Z2k{E) of a Riemannian vector bundle 

We give ourself the same ingredients and notations as in example 14.31 Let us suppose that the 
vector bundle E is oriented. Then the bundle ttz ■ Z^j,(-E) ^ M is a homogeneous fibre bundle. 
Indeed, we take Q — SO{E), H = SO{2n) and K = Uo(J^). Let us recall that the order r 
automorphism T = IntJg in SO{2n) gives rise to the r-symmetric space H/K = Z^j,(M^"), and 
to the following reductive decompostion [) = t p with 

« = soo(Jo") and p^so^Jo"):^ so,(Jo") flso(2n). 

\jGZ/rZ\{0} / 

Concerning w, we take the same as in the previous example. Now let us consider the isomorphism 
of bundle: 

J: e.Uo(Jo") e 50(S)/Uo(Jo") ^ J G Z:^t,{E)\ Mat,{J) = . (73) 
The isomorphism J defines a bijection between the sections of tt : N ^ M and the set of sections 
of TTz ■ 2^kiE) M, s e C{N) ^J^Jose C{Z^^{E)). 

The isomorphism of bundle over Af, J : N Z^j,(i?) defines tautologically a canonical 2k- 
structur on t:* E —f N (still denoted by J), J: N ^ Z^j,(7r*iJ). Under this consideration, we 
therefore have [) = so{E) and for all y £ N , 

Iq = soo{n*E,J) 

Pq = 50,{tt*E,J)^{ 50,{n*E,J)\{^B0{n*E). 

\j£Z/rZ\{Q} J 

Since n*E is canonically endowed with J, we will not precise it and use the notation S0j(7r*£^) :— 

50j{-K*E,J). 

Let us consider the surjective morphism of vector bundle 

adj^: TT*\)Q = Bo{-K*E) — > B^{ti*E) = J.bo^{ti*E) = J .pq 

{J, A) ^ adJ(A) = [J,A] = JE;=i(1-^?Mj 

where Aj = [A]^^^(^e^) is the sOj (i?2;)-component of ^ G so{Ex). The kernel of adj" is iq — 
soo(7r*£^) so that ad^J induces an isomorphism from pg onto J-Pq- We will set 

(ad^)-i = (ad:^j.pJ-ieOj.e^ 

so that 

(adi/)^^ o adjZ = pip^, the projection on pg along tg, and (74) 
adj" o (adj')^^ = pr^ ^^, the projection on J'.pg along J'.tg. (75) 

Let us remark that J^-pq = J*V^ is the (pullback by J of the) vertical space of ivz (see 
example 14. Sp . More precisely the ^Z-pullback of the decomposition V^^^^\jm^ = Bq{-k*zE) ® 
B^.{''^*zE) (see example [T3l) is the decomposition J .5o{E) = J -^q ® J'-pg- 

Let us now express the homogeneous fibre bundle tools 4>, $ and V in terms of J . 
^^and which is in fact nothing but J*I = X o J ^ see example 14.31 
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Theorem 4.17 IfA,Be TN, F £ C{\)q) then 

(i) VJ^ = -adj o (j) thus cj)A = --[a.dJ)-^V aJ 

(ii) ^{A,B) = {&dJ)-^[J,T:*R{A,B)] 

(iii) V\F ^ {&dJ)-^[J ,V aF] 

Theorem 4.18 Let s G C(7r) and J = s* J he the corresponding 2k-structure. Then 

(i) I{(Fs) = — (adJ)~^VJ. Thus s is horizontal if and only if J is parallel. 

(ii) /(n"(s)) = -(adJ)-iV2j+ i(adJ)-i[VJ0 (adJ)-iVJ]. 

Thus s is superflat if and only ifV^J ~ -[VJ0 (adJ)^^VJ] commutes with J. 

(iii) /(t''(s)) = +(adJ)-iV*VJ+ (adJ)-iTr([VJ, (adJ)-iVJ]). 

Thus s is a harmonic section if and only ifV*VJ+ Tr ([VJ, (adJ)^^VJ]) commutes with 
J. 

(iv) s*$ = (adJ)-i[J,i?]. 



As above, from theorem l4.17l -(i). we conclude that dj' sends the decomposition TN = V®7i onto 
the decomposition rA^2 = ® 7i ^ coming from V (see example 14. 3p so that we can consider 
TTz- Z^i^{E) ^ A/ as a homogeneous fibre bundle over M with structure groups H = SO(2n) 
and K = Uo(J^). We will call this structure the homogeneous fibre bundle structure defined in 
Nz by V (or by the Riemannian vector bundle {E,V)). 

Besides, since the vertical and horizontal subbundles corresponds via J, then we can conclude 
according to l|48p and (|58| that J is an isometry. 

Moreover, the vertical tension field of J in Nz — -Z^j, is given by 

dJ{T^s)) = Wr^^s)J = -{adJ) o 0(r"(s)) 

= -(adJ) o {adJ)-\V*VJ + Tr ([VJ, {adjy^V J])) 



V*VJ+ Tr([VJ, (adJ)"iVJ]) 



By taking fc = 2 in the two preceding theorems, we recover of course the results of the previous 
section: just remark that in this case, a.dJ' — 0^^ © 2Lj^^^, and that VJ anticommutes with J. 



Remark 4.9 Let us consider the canonical identification 

Hq: ^QxhH ^ SO{E) , . 

[e,h] I — > A\Mate{A)^h. ^ ' 

then J is the restriction toN = Q-Xu Z'^^^i^^'^) (via e.K ^ [e, J^\) of (|76)) . 

More generally, for j e Z, we can consider the restriction of l(76)) to Q/Uj_i( J^) — Qy. so(2n) 

(Z2fc(M2«))J (via e.Uj_i(Jo") ^ [e, [m)- 

J, : e.U,_i(Jo") e 50(j;)/U,_i(Jo") J G (Z2",(i?))^ | A^ai,( J) = (Jo")^ (77) 
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Remark 4.10 The previous study could have been done (without any change) for any com- 
ponent U2j.(E). In particular, by replacing Jq by {J^y in what precedes, we get the isomor- 
phism 

where p = — — , and by applying theorem 14.18^ we see that a cross section Sj : M 

SO{E)/i]j-i{jQ) is horizontal if and only if the corresponding section Jj — Jj o Sj-. M 
iZ^kiE)y is parallel: VJj = 0. 

4.3.4 The Twistor subbundle Z^k.ji^) 

We continue here the study of example I4.4[ tt-!^: Z^j. j{E, Jj) M, and prove that it defines 
a homogeneous bundle fibre bundle. Let us recall that we have a bijection between the set of 
(global) sections Jj in {Z^^{E)y = Wp°'(E) and the set of U^^i ( J^)-reductions tt^ : ^ M of 
SO{E), which is given by 

-il^i(£;) := {e e SOiE)\Mat,iJ,) = {J^y}. (78) 

Let us consider such a reduction (defined by some Jj). Then ir^ : ^ M is a principal bundle 
with structural group = Uj_i(J^) and we take for the second structural group K = Vo{Jq) 
as in the previous example. Let us recall that the order j automorphism T = lntjQ^^,__^^j^-^ 
gives rise to the j-symmetric space / K = Z^j,^(M^", [J^y), and to the following reductive 
decomposition f)^ =60 p-' where 

6 = soo(Jo) and 

= u*_i(Jo") ®'^:^l-^5oM) = u,-i(Jo")/uo(Jo") = soo((Jo")^Vsoo(Jo") 

-r^=Z2",^^.(M2",(j„")-'-), 

the last identification is given by 

A e ®^;dl~'^oM) ^A-JS^ [A, Jo"] e ®^;£t'BM) 
(see section [3. 1.3p . 

For the connection form on we take 

We set as usual = Q^/K which is a Homogeneous fibre bundle over M. Moreover the 
isomorphism of bundle (and isometry) J : N ^ Z^j, [E) satisfies 

J{N^)^Z:^t,^^{E,Jj) 

by definition of J and (see ((73l) and l(78)) ). so that it induces an isomorphism of bundle from 
onto N^2- 

Let us denote by TN^ = (BW the splitting in terms of vertical and horizontal subbundles given 
by Lu^ . Then denoting by Sj the cross section in the associated bundle Q/ = 50(i?)/Uj_i ( J^) 
defining the TJ-' -reduction (i.e. JjOSj = J,- jH, according to section lT.2.3l we have the following 

^i^See remark 1131 and [iJOl 
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equivalences 



ljJ is reducible in (to uj^) 



[4T3l 



Sj is horizontal 
V Jj = 



[4T3l 



t 



Example 4.9 Lei Af = G/H he the k-symmetric space correponding to some 2k -symmetric 

M 

space G/Gq (see section V2.1.1]) . and take (-E, V) — (TAf, V'^), j = 2 and J2 given by lemma [371\ 
Then we have 

M 

V" J2 = 0. 

M 

Indeed V° J2 lifts in G into 

(see lemma [3J]) . Therefore we can conclude that in this case lo is reducible in (to uP'}. 

If w is not reducible in (to then according to (|48| and l(58|) . ^ N and N^2, ^ are 
not isometries, and thus we can not say directly that J induces an isometry from onto N^, 
even if as we will see below it is effectively the case. As above, the result of l(48|) and l(58|) . and 
dJ{V^) = V^^\ is that: J: ^ 7V|. is an isometry if and only if dJ{W) = H^'^. 

Now let us come back to the connection form uj^ : TQ^ — > ()■' C so(2n). It defines a metric 
covariant derivative V'-'I in the associated vector bundle E. Then we have 

yi^V^' = 0. 

Indeed J, lifts into the 7? ^ -equivariant (constant) map J,- : e £ {Jgy G {Z;^^{R^'')y C 

Qkni^ ) and V^^l lifts into 

&P = dJj + [uj'\Jj] =0 + = 0, 
since by definition ()•' = Uj_i(J|!f ) = soo{{J(^y) commutes with {J^y ■ 

Remark 4.11 We can do the things more concretely by using a (local) moving frame e in Q^: 
V'-'l is then caracterized by 

V[^l(ei,...,e2„) = (ei,...,e2„).w^(e;de) (79) 
Then by definition of we have 

J,e = e.iJ^y (80) 

so that 

(VlJ'l Jj)e + Jj(Vl^'le) = e.Lu^iJg'y 
then using (|80|) and l(79|) . we obtain 

(Vl^l Jj)e = e.t^J'(Jo"y - Jjie-i^^) = e.(wJ'(Jo"F " (-^o")^'^^') = 
since uj^ takes values in [)j = soo((Jo )"')■ 

In fact we can caracterize V'-'l in the following more general way, which in particular generalizes 
a well-known result of Rawnsley |37j about complex structures on vector bundles. 
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Theorem 4.19 Let E be a Riemannian vector bundle as above. Letp' G N* and J G C(Up>{E)), 
then AdJ defines an automorphism of the linear bundle End(i?) (over Um), i-e. a section of 
End(End(_S)). Then the metric covariant derivative V in E admits an unique decomposition in 
the form: |£j 

J '■p'-i 

V = V" + J2 (81) 

1=1 

J 

where V*^ is a metric covariant derivative for which 

J 

V"J = 

and A, e C{T*M bo.,{E, Jj), i.e. JA,J-^ = uj^A, and Ai e 5o{Ef . 
■^n r ,-1 

V will be called the J-commuting component ofV, A^ = J2i=i ^ C{T* M ® 50<f{E, J)) the 
50 !t{E, J) -component ofV, and Ai the S0i{E, J) -component ofV. 

Proof. Unicity. Let us suppose that (l8T|) exists then we have 

i=l 

SO that 

V-1 

^ A, = -(adJ)-i(VJ) 
1=1 

(see section ri.3.2D which proves the unicity of {Ai)i<i<r ,-i (these are determined by V and J, 

J ^ ,_i 

more precisely these are the components of — (adJ) i(VJ)). Now V° = V — X]i=i is also 
unique. 

Existence. Let V" be any metric covariant derivative commuting with J, that is to say V° 
corresponds to a connection on the principal bundle of Hermitian frames on {E, ( , ), J) (such a 
connection always exists, see [33]) • Then consider 

^ = V - V° G C{T*M ® so{E)) 

and let A — X]I=o ^ decomposition of A following 5o{E, J)^ — ®1^q ^S0i{E, J). Let us 

set 

J 

V" = V° + Ao 

then V° is a J-commuting metric covariant derivative in E and we have 

r / — 1 

V = V" + ^ A, 

which proves the existence. □ 
Applying this theorem to Jj , we obtain the following. 



""As usual Vpi is the order of AdJ, i.e. r^/ = p' if p' is odd, and if p' is even then r = p' if J 2 ^ —Id and 

v' p' 

= tLi{j^= _id. 

2 
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Corollary 4.2 V'^l is the J j -commuting component of\7. 
Proof. The i/-equivariant lift of V is the covariant derivative on 

d + uj ^ (d + LUo) + ^ uji (82) 
1=1 

where = ['^]soi((J^)3)) cind in particular cjq = Then restricting l|82p to , and projecting 
on Af , we obtain the decomposition (l8T|) of V: 

V = yiJ'i + X! ^» 

i=l 
■^^ 

that is to say d + is the i?-' -equivariant lift of V°, which is thus equal to V'-'l, and uJi is the 
iZ-'-equi variant lift of the S0i{E, Jj)-valued 1-form on M, Ai. This completes the proof 

Remark 4.12 Moreover w is reducible in i^Jj ~ 0) if and only if V'-'l — V. 



Remark 4.13 Under the hypothesis of theorem 14. 191 we have 

yFeCiAo{E,J)), V°F - pr^„(s^^) o VF 

where pr_4(,(^ j) : End(i?) AoiE, J) is the orthogonal projection (i.e. along A*{E, J)) so that 
in particular 

VF e C{boo{E, J)), = pr,„„(s„,) o VF 

where pr^p^i^^; j) : so{E) soo{E, J) is the orthogonal projection. Indeed, 

J v-i 
VF = V°F+ J2 [^"^] 

J J J J J J J 

and J commutes with and F so with W°F : (V°F). J = W°{F.J)^FW°J = W°{J.F) = JV^F. 
Moreover [v4i,F] G [^i( J), ^o(^)] C Ai{J), so that we can conclude. . 

The canonical 2fc-structure in 7r*F, J : N t:*E induces by restriction a 2fc-structure in n^*E, 
still denoted by J: ^ tt^*E. 

Now, let us precise the subbundles p;^^ and tqj . First, we have t);^^ = Uo(F, Jj jfl and then 
^Q' = «Q|Q. =soo(7r^*£^,>7) 

p^Q, = u*_i(F,:7)= (©,gp.z^\{o}SO.(^^*F,J))f|so(7r^*F). 



38 



Remark that here Vpi is the order of Ad(J,")^ , so that r^/ 



The restriction of the identification II72II . [jq = so(i?) to fj^^ gives rises to an identification 1)^^ := Xjjj t)^ 
soo{E, Jj). 
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The morphism of vector bundle adj^: so{tt*E) J-Pq induces a surjective morphism from 
T^'*'^Qj — Uj-i{t:^* E, J) onto J-Pq,, with kernel tgj: 



ad^: TT^*i)'Q, ^u,^i{tt^*E,J) 

{J, A) 



{r,j)~l 

adJ(A) = [J, A] = J J2 (1 - '^r^)^*: 
1=1 



where A, = [A]^^^(e^)- 

As above, now we express the homogeneous fibre bundle tools (f)^ , and in terms of J. 
Theorem 4.20 IfA,Be TN^ , F e C(p^,) then 

(i) VIjI = -adj^o i/iMs = -{adjy^V^i^J 

(ii) [adj)-^ \j,Tr^*R^^'\A,B)\ where i?^''' is the curvature ofV^^l 

(iii) V^'f= (ad^)"i [jMi^F 

In the following theorem, we use the notation of l4.2.3l In particular, we denote by " " instead 
of " " the vertical component in V-' C TN^ . 

Theorem 4.21 Let s G C(7r-') and J = s* J he the corresponding 2k-structure. Then 

(i) I{d7s) = — (adJ)^^V[^l J. Thus s is horizontal if and only if J is V^^^ -parallel. 

(ii) /(n"(s)) = -(adJ)-Hvt^l)V+ i(adJ)-i [VI^IJO (adJ)-iV[jlj]. 

Thus s is superflat if and only if (V'-'l)'^ J — - [V^^l J (adJ)^^V[^l j] commutes with J . 

(iii) /(t^(s)) = +(adJ)-iV[j'l*V[jV+ (adJ)^iTr([v[jlj,(adJ)-iV[jlj]). 

T/iMS s «s a harmonic section if and only ifV^^^ V'^l J + Tr ([V'-'l J, (adJ)^^V[-'l J] ) com- 



mutes with J. 



(iv) s*$J = (adJ)-i J,i?^ 

As above, from theorem l4.20l -fi). we conclude that dj sends the decomposition TN^ = V-' ® 
H-' onto the decomposition TiV|. = V^'-' ® H^'-* (see example 14.41) so that we can consider 
■ ^zi-^) ^ M as a homogeneous fibre bundle over M with structure groups = Uj_i(J^) 
and K — l]o{Jo). We will call this structure the homogeneous fibre bundle structure defined by 
(the J j -commuting part of) V. 

Besides, since the vertical and horizontal subbundles corresponds via J, then we can conclude 
according to l|48p and (|58l) that J : is an isometry. 

Moreover, the vertical tension field of J in — Z^j. 2{E, Jj) is given by 



V [^'1 * V [^'1 J + Tr ( V J, {ad J) - ^ V [^'1 J 



Remark 4.14 According to 14.2.31 the canonical connection in p^j is the restriction of 

the canonical connection in pg — ^ N, to pLj. 
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Remark 4.15 If we endow E with V'-'I and apply the theorems 14.171 and 14.181 (with the Rie- 
mannian vector bundle (E', V'-'l)), then by restriction to , we obtain theorems 14.201 and 14. 21) 
which is not surprising since in this case oj is reducible in and then everything corresponds 
in the reduction ^ N. 

In particular, superflatness and vertical harmonicity (for sections in N^) are the same in and 
N. This is what happens in particular in example 14.91 

The particular case of Z^f. 2(-£', J2) According to theorem l3.2[ we will be especially interested 
by this subcase in our interpretation of the eUiptic integrable system. In this subcase the fibre 
H^/K = Z2fe,2(]R^", {Jq)^) is symmetric so that we obtain simplifications (coming in particular 
from the facts that = V and that any section J g C{-k\) anticommutes with V'^lj) in 
theorems 14.201 and 14.211 which then take the same forms as theorems 14.151 and 14.161 about the 
twistor bundle S]^(£'), just by doing the change V < — > V'^'. Therefore the case Z^f. 2(-E, J2) is 
very similar to that of S^(£'). 

Before writing the simplified theorems for j — 2, let us do some useful observations. 
First, we havj^ 



p|2 = 50i.{-k'^*E,J) = {Ac,50{-k'^*E)\A.J + J.A = Q}=50(_i){t:'^*E,J). (84) 



Then adjj induces a surjective morphism from 7r^*f)Q2 — Ui{n^*E,J) onto J^.pga — B^Itt"^* E,J) 
with kernel Iq2 



where we denote ^0 + ^1 the decomposition following S0(+i) (7r^*i?, ^7) 0sO(_i) (7r^*i?, J) instead 
of Ao+Ar. 

Theorem 4.22 If A, B E TN'^, F E C(pL) then 



?Q2 = 50o{tt^* E,J) = {A eso{tt^*E)\[A, J] =Q}=so^+i){tt^*E, J) 



(83) 



adj: Ui{TT^*E,J)^S0(^+^{n^*E,J)(B50^_i-){TT^*E,J) 

{J,Aq + Ai) 




B^_^){^^*E,J)^J.BO(^_^){^^*E,J) 



(i) cj^- 



?A 




Theorem 4.23 Let s E C(vr^) and J = s* J be the corresponding 2k-structure. Then 
(i) I{(rs) — —TiJ^^'^^A J ■ Thus s is horizontal if and only if J is 'V^^^ -parallel. 



(ii) /(n-(s)) = -(adJ)-i (V[21)' J = -i (V[21)' J . 



Thus s is superflat if and only if (V'^l) J commutes with J. 



'with notation defined in remark [3.41 



see remark l4.14l 
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(iii) /(t-(s)) = (adJ)-iVPl*VPlj^ i [j-i,VPl*VPlj 

Thus s is a harmonic section if and only i/ V'^' V'^' J commutes with J. 
1 



(iv) s*$2 = 



Let us add that the vertical tension field iVj- is given 



j-l^y[2]*y[2]j 



(85) 



4.4 Geometric interpretation of the even determined system 

4.4.1 The injective morphism of homogeneous fibre bundle Jj^ : G/Gq ^ Z^I^^{G/H, J2 



Here, we want to ask ourself if the inclusion Jj^ : G/Gq ^ Z!^^ 2i^/H, J2) given by theorem [3?2l 
conserves the homogeneous fibre bundle structure, in particular: the vertical harmonicity is it 
conserved. We use the notations of I4.3.1l and l4.3.4l (with E = TM, V a metric connection on M 
and j = 2j3. First, we see that 3jg is obtained by "passage to the quotient" from the following 
injective morphism of bundle (which is an embedding if G is closed in Is(M)): 



G 
9 



^U^"{G/H,J2) cSO{M) 
9 ■ eo 



(86) 



where eg £ SO{TpgM) is such that A4at{Jo) — Jq" , and Jq = T|^^^. In other words G ^ M is a 
reduction of {G/H, J2) M itself a reduction of SO{M) M. 

Further quotienting in l(86)) by 1]q{Jq ) the target space and then by Gq the domain, we obtain 
(by definition of Gq = G"^ n H, see theorem I3.2D the injective morphism of bundle 



where eo 
map Jj„ : 



g.Go ^ {g ■ eo)Uo(Jo") E U'^"{M, J2)/WS) C SO{M)/WS) 
eoUo(Jo ) e iV^, and finally composing with J (in the target space) we obtain the 

g.Go ^ g ■ (eoUo(Jo")) J - 5^0.9"' e z:^l2iM^ J2). 

Since 3j„ (resp. Ueo) is an injective morphism of bundle (and an immersion) dlj^ (resp. dl-gg) 
induces an injective morphism of bundle from the vertical subbundle V"-^/*^" = [qu] into the 
vertical subbundle V^'^ (resp. V^). 

is the restriction to G/Go of the inclusion map 3 : End(G/i7) MxEnd(0) (see ll.Tp . Indeed, 
we have the inclusion depending on Jq: g.Go G G/Gq i~> [g, Jo] G G Xh End(m) = End(G/i?) 
which under the inclusion 3 gives 5. Go S G/Gq i-^ {g.xo, Adgor^ o Adg^^) € M x End(0) which 
is in nothing but 3jg (as usual under the identification TM = [m]). Then under the inclusion 
f)G C so{TM), we have f)G C t)Q2 = Uo{TM, J2). Indeed, under the linear isotropy representation 
of H in T^oM, we have H C Uo(T^oM, J^) = Vi{T^,,M, Jq) so that (} C Uo(rpo^, ^0) and thus 
\)G ■= G Xh ^ C Uo{TM, J2). Moreover let us remark that tt^ o 3eo = tt so that 'k*\)g C 7r2*t)Q2 
over 3ef, : iV^ (i.e. the inclusion is a morphism of bundle over 3eo)- 

Furthermore, since Ad Jo leaves invariant f) C Ui(r:c(,M, Jq), the restriction to t} of the symmetric 
decomposition 

ui(r,„M, Jo) = S0(+i)(r,„M, Jq) ® S0(„i)(T,„ A/, Jq) 



'*^That is to say the notations for Z'^^ ^{G/H, J2) will have the subscript "2" and these of G/Gq will not have 
subscript according to l4.3.1l and l4.3.4l 
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gives rise to the decomposition () = goffiflfc according to l(23|) . so that the symmetric decomposition 
given by Ad J on 7r^*f)g2 = Ui{tt'^*TM, J), that is to say 

ui (TM, J) = S0(+i) {tt'^*TM, J) © S0(_i) {tt^*TM, J) 

gives rise in the Adj7-invariant subspace 7r*[)G C 7r^*f)g2 to the symmetric decomposition of 
AdJjo (restricted to 7r*f)G C so(7r*TM)) 

71-*f)G = ?G ©PG 

according to l(70|). In other words, the decomposition given by (|70|) injects into the decomposition 
given by ((83l) via the inclusion 7r*[}G C tt^ [}g2. 

Now let us interpret theorems 14.131 and 14.141 using the homogeneous fibre bundle structure in 

M 

Z^°{M, J2) defined by the Riemannian vector bundle (i^, V) = (TM, V") (in the sense of [4A4l) . 
We continue to use the same conventions for the notations in TV and N"^ (no subscript for N and 

M M 

subscript 2 for and N^-'^). Recall that we have 3jg ^ J oj-g^^ = 31^ J and that (V°)[2l = V°. 
Then according to theorems 14.221 and 14. 23^ theorems 14. 131 and 14. 141 implies 

Theorem 4.24 We have the following identities 

(i) <f> = y^o^' 

(ii) $ ^ 3|^ci>2 

(iii) V — V°|[p] = ^IjjV^'^, where V^'^ is i/ie canonical connection in Pq2- 

Theorem 4.25 Let s G C(7r) and identify it (temporarily) with s*3eo G ^i''^'^)- Then under the 
inclusion 3e„ : N N'^ , we have: 

(i) d''s = d^^^s 

(ii) Ws = 2 

(iii) r"s = T^'2g 

(iv) S*$ = 

These properties holds also, without any change, for maps f G C{L, N), (L, b) being a Riemannian 
manifold. 

M 

Let us remark that since the connection form uj, on Q — SO{TM) defined by V° is reducible 
in , then in the previous theorems all the "quantities" in N'^ (right handside) can also be 
computed in SO{TM) l\5ti{J^") = Z!^^{M), since "everything is reducible" in this case (see 
remark I4.15P . 

Now, let us compute the vertical tension field of J: L —> for the homogenous fibre bundle 

M 

structure defined in -/Vj- by V° : according to l(85|) we have 



M M 

J-\(V°)*V°J 



(87) 
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Then suppose that J £ 3j„{G/Go) i.e. J = s*3jg for a certain s £ C°°{L, N), then according to 
theorem 14.251 (and 3jg —Jo CJg^ ) we have 

where s = J^^ o J i.e. J = s*J. 

The tension fields (and thus vertical harmonicity) correspond via the different in- 
clusions and identifications, in particular via 3j„ : N N'^. 

M 

In fact in what precedes we can replace the canonical connection in M, V°, by (the J2 commuting 
part of) the Levi-Civita connection in M . 

Theorem 4.26 The canonical affine connection on M is the J2-commuting component of the 

M 

Levi-Civita connection V on M : 

M J2 M 

Corollary 4.3 The homogeneous fibre bundle structures in N"^ defined by the canonical affine 

M M 

coonection V° and by (the J2-commuting part of) the Levi-Civita connection V, in M, are 

M M 

the same. Therefore theorems \4.13[ \4-14\ and corollary \4.1\ still hold if we replace by V'^'. 
Moreover theorems \4-24\ and \4-25\ hold with the homogeneous fibre bundle structure defined in N'^ 

M 

by the (J2-commuting part of) the Levi-Civita connection V. 
Let us conclude this subsection by some additionnnal equalities. 

Theorem 4.27 The canonical affine connection on M is the J2-commuting component of the 

met 

connections V* on M : 

M /mct\ [^1 

Theorem 4.28 Let Ji £ C(Z/^2fe(^)) section defined by with, let us recall it, n = 

p © m = gfc © m, then 

(i) The Ji-commuting component of the (n-pullback of the) canonical affine connection in M , 

M N 

7r*V°, is V° the canonical affine connection in N. This latter is also the Ji-commuting 
component of the (n-pullback of the) Levi-Civita connection, and more generally of the 

mct.M 

connections V* . 

N N 

(ii) The Ji-commuting component of the Levi-Civita connection in N, V, is V". 

mct,N N 

(iii) More generally, the Ji-commuting component of V* is V". 

N 

(iv) Let s £ C(7r) and J ~ s*Dtjn the corresponding 2k-structure on M, then s*V° is the Ji- 

M 

commuting component ofV'^, and also the Ji-commuting component of (the s-pulback of) 

M 

the Levi-Civita connection on M , s*V; and more generally of (the s-pulback of) the the 

mct.N 

connections V* . 
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We recover in particular |7j from (iv). 



4.4.2 Conclusion 

Now we can conclude: 

Theorem 4.29 Let {L,i) he a Riemann surface, f : L ^ N — G/Gq be a map and J — f*'3j„ 
the corresponding map into Z^l^ ^{M , J2) ■ Then f is a geometric solution of the even determined 
system (Syst(fc,T)) if and only if 

(i) J is an admissible twistor lift (<=f- f is horizontally holomorphic) 

(ii) J is vertically harmonic in Z^^r^{M, J2) endowed with its homogeneous fibre bundle structure 

defined by the Levi-Civita connection, V, in M : 

y[2]*y[2]j^ jl ^ 

where V'^' is the J2-commuting component ofV. f is vertically harmonic in G/Gq). 
Moreover the first condition implies that J is flat in Z^^?2(-^^i •^2)- 



* t 

u R ,J 



= 0, 



where is the homogeneous curvature form in Z^^°2(^'^i J2), which means also that J is a flat 
section in End(u*TA/, w*V[^l). (4^ f is flat in the homogeneous fibre bundle N — > M). 
Furthermore f is a primitive geometric solution (i.e. there exists m < k such that f is m- 
primitive, which is equivalent to say that f is k-primitive) if and only if 

(i) J is an admissible twistor lift 

(ii) J is parallel: V'^' J = f is horizontal). 

Besides in these characterizations, in the points (ii) the Levi-Civita connection can be replaced by 
any G -invariant metric connection V whose the J2-commuting component V leaves invariant 
f)G C so(TM). This is the case in particular for the connections 

mot M 

M 

for which the J2-commuting component is the canonical connection on M: V°. 
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5 Generalized harmonic maps 



5.1 Afflne harmonic maps and holomorphically harmonic maps 

A map u: M N between two Riemannian manifolds {M, g) and {N, h) is harmonic if it 
extremizes the energy functional 

E{u) = \ I \du\^dYo\g 
2 Jd 

for all compact subdomains D C Af, where jdup = Trg{u*h). The associated Euler-Lagrange 
equation is t(u) Txgiydu) ~ 0, where V is the connection on T*M ® u*TN induced by the 
Levi-Civita connections of M and N . 

Now, we generalise this definition for maps from a Riemannian manifold into an affine manifold. 
We present two different ways to do that. The first one is the natural one (see also [25]) and 
concerns general affine manifolds whereas the second one concerns maps from Riemann surfaces 
into affine almost complex manifolds. 

5.1.1 Affine harmonic maps: general properties 

Definition 5.1 Let s: {M,g) (NjV) be a smooth map from a Riemannian manifold {M,g) 
into an affine manifold (A^, V). We set 

t(s) = Trg(Vds) = -V*ds = *d^ * ds 

and we say that s is affine harmonic with respect to V or V -harmonic if t{s) = 0. 

Now, let us consider the case where (M, g) is a Riemannian surface surface i.e. a Riemann surface 
(I/, j) with a Hermitian metric b. Then the action of the Hodge operator * of L, is independent 
of the metric b on 1-forms (*a = ol° j), whereas in 2-forms (resp. 0-forms) it is multiplied by the 
factor (resp. A^^ > 0) when the metric is multiplied by the factor A G C°°{L,Wj^). Hence the 
tension field r(/) = *d'^ {*df) is multiplied by A^, under this last transformation. In particular 
the affine harmonicity for maps /: {L,j) (-/V, V) does not depend on the hermitian metric L 
but only on the conformal structure of {L,j). Thus we have: 

Theorem 5.1 Let {L,j) be a Riemann surface and f: {L,j) {N,V) a smooth map. Let 
TL'^ — T'L T"L be the decomposition of TL"^ into the (1,0) and (0, l)-parts, and d = d + B 
and V-^ '^'^^'f = V + V" the corresponding splittings. Then we have 

2d^df ^d^df + id^ *df, 

moreover d^df — f*T, where T is the torsion of V and d'^ * df ^ r(/)vol;, for any hermitian 
metric b in M. Therefore the following statements are equivalent: 

(i) v"9/ = 

(ii) B^df^O 

(iii) (^) ^ ^' '^^^ holomorphic local coordinate z — x + iy (i.e. {x,y) are conformal 
coordinates for any hermitian metric in L). 

(iv) / is V -harmonic with respect to any hermitian metric in L and torsion free: f*T — (i.e. 
T(^, ^) = for any conformal coordinates {x,y)). 
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We will say in this case that f is strongly V-harmonic. 

Remark 5.1 We remark that the imaginary part (resp. the real part) of equation (ii) (resp. 
equation (Hi)) is the "S/ -harmonic maps equation whereas its real part (resp. imaginary part) is 
the torsion free equation f*T = 0. 

If T ~ or more generally f*T = 0, then f is strongly V -harmonic if and only if it is V- 
harmonic. 

5.1.2 Holomorphically harmonic maps 

In the case the target space N is endowed with an almost complex structure J then we have 
another way to generalise the definition of harmonicity to maps from a Riemann surface into N. 

Definition 5.2 Let {L,j) he a Riemann surface and (A^, V) he an affine manifold endowed with 
a complex structure J. Let us denote TN^ — T^'°7V® T^'^TV the corresponding decomposition of 
TN^. We will say that f : L ^ N is holomorphically harmonic if 

= 0. 

Proposition 5.1 Let {L,j) he a Riemann surface and {N, V) he an affine manifold endowed with 
a complex structure J . Then f is holomorphically harmonic if and only if (for any hermitian 
metric b in M) 

nif) + Jnif) = 

where Ti,{f) ~ *{f*T) = /*T(ei,e2), with (61,62) an orthonormal hasis ofTL, or equivalently 

n{f)voh = J{f*T). 

Therefore f is strongly harmonic if and only if it is torsion free and holomorphically harmonic. 
In particular, if T = 0, or more generally f*T = 0, then f is holomorphically harmonic if 
and only if it is harmonic. Hence for torsion free connection V harmonicity and holomorphic 
harmonicity are the same. 

Proof. Let Z = X + iY e TN^ with X,Y e TN, then since T^-°N and T°^^N are given 
respectively by {V =F "iJV, V G TN}, we deduce that 

[Z]^'° = 0-^ X + JY ^0 and [Zf'^^O^X-JY = 0. 

Now, let us apply that to the TA^^'-valued 2-form df , we obtain 

[9^5 J] 1,0 ^ ^ d'^df + Jd^*df = Q 

according to theorem [5.11 This proves the first assertion. Then the assertion concerning strongly 
harmonicity follows from theorem [STTJiv) . This completes the proof. □ 
Let us remark that 

Proposition 5.2 In the same situation as in the previous proposition, let us suppose in addition 
that VJ — 0. Then if a map f : L ^ N is holomorphic i.e. df o — Jdf , then f is anti- 
holomorphically harmonic (i.e. holomorphically harmonic with respect to — J). 
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Proof. / is holomorphic if and only if df{T^^^L) C T^^°N i.e. = 0. Then we have 

=a^[5/]°'i =0 

since V commutes with J. This completes the proof. □ 
It can also be useful to observe the following. 

Proposition 5.3 Let {N, J) be an almost complex manifold with an almost complex affine con- 
nection that we will denote by V" . Then let us define a family of connection 

V* = V° - tT°, 0<t<l. 

Then a map f : (L,]^) (N, J) from a Riemann surface L into the almost complex manifold N 
is holomorphically harmonic w.r.t. and J if and only if f is holomorphically harmonic w.r.t. 
V*^ and — J. We will say more simply that f is -holomorphically harmonic if and only if it is 
-anti-holomorphicallly harmonic. 

Holomorphic sections of complex vector bundles Now, we need to do some recalls about 
complex vector bundles that wc will apply in the next paragraph to obtain an interpretation of 
the holomorphic harmonicity in terms of holomorphic 1-forms. 

Let £^ ^ M be a real vector bundle (over a manifold M) endowed with a complex structure 
J S End(i?). Then any frame in the form (e!J,, . . . , e^, Je^, . . . , Je^) at some point x <E M can be 
extended to a local frame (e^, . . . , e*", Je^, . . . , Je^) in the neighbourhood of x. Then there exists 
an open covering {Ua)aei of M and local trivialisations $q : {E\jj^,J) ^ Ua 'x (C'',zld) which 
are C-linear isomorphisms o J = or equivalently of which transition maps take values 

in the endomorphisms of C: (j)a0 = o : Ua dUf) ^ GL{C^). Therefore -E is a complex 
vector bundle. 

Remark 5.2 Let us set C = then C = M[J] is a vector bundle over M whose fibres are 

fields isomorphic to C = M[z] and each fibre of iiJ is a C^j-vector space. Then is endowed 
with two different structures of vector bundle: one over the field C (the tautological one defined 
by the complexification of E) and another one "over the distribution of field C" (i.e. the one 
defined by J). Therefore we have two different complex conjugaisons in E'^, that we will call 
respectively the C-conjugaison and the C-conjugaison. 

Now, let us suppose that E is endowed with a complex connection V, i.e. a connection which 
commutes with J: VJ = 0. Then for all X e TM, Vx : C{E) -> C{E) is C-linear with respect 
to the complex vector space structure defined on C{E) by the complex vector bundle structure 
on E. Then we have two different ways to extend V to TM'^. 

1. The canonical one: for any section s G C{E^), we extend Vs by C-linearity to a linear 
morphism from TM"^ to £"^, 

Vixs = iVxs, yX e TM, s G C{E'^) 

after, of course, having extended V to a connection on E^ by setting Vis = iVs, Vs G C{E). 
In conclusion, Vs e C{E^), Vs e C{T*M^ O E^). 

2. By using the complex vector bundle structure of E defined by J: for any s € C{E), we 
extend Vs by C-linearity to a linear morphism from TM^ to E: 

Wixs = JVxs, VX e TM, s € C{E). 
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Let us remark that V depends on J, and since we use the complex vector space structure defined 
by J, one needs that V and J commute. One the other side the simple canonical complex 
extention defined in 1 (that we still denote by V) is independant of J and one needs not to do 
any additionnal hypothesis. Remark that the extention 1 is nothing but the extention V defined 
by the complex structure ild^c on E (which commutes obviously with V). 

Now let us suppose that M is an (almost) complex manifold with (almost) complex structure jm- 
Then we have the splitting TM'^ = T^'^M ® T^'^M defined by Jm which gives rise respectively 
to the following decompositions of V and V: 

V = V + V". 

More generally, let 77 e C{T*M ® E) he a. 1-form on M with values in E. Then we can extend it 
in two different ways by C-linearity in TM"^ by setting: 

rf{X + iY) = ri{X) + iri{Y), yX,YeTM 
ri{X + iY) = ri{X) + j7j{Y), yX,YeTM. 

Remark that 77"^ G C{T*M^ ® E^) whereas 77 € C{T*M^ (g) E). As above we can decompose rj 
and 77 according to the decomposition TM"^ = T^'^M © T^'^M: 

rf = 77' + 7;" (88) 
f, = ^(1.0) +^(0.1). (89) 

Then we have the following relations 
Lemma 5.1 

[r7f = 7;(i'0) - 7j77(i'0) [77"]"'i = 7/i>") + 7j77(i-0) 

Proof. Let Z = X - ijnX e T^'^M with X € TM. Then 

[77(Z)]i^° = [77(X) - iriijMXf-' = 77(X) - rJ^{X) - 7 {r^ijuX) 

= ri{X)-Jr^{]MX)~iJ{i^{X) 
= 77(i'°)(Z)-7j7,(i'°)(Z). 

This gives us [t?']^'". Then by taking the C-conjugate, we obtain [7;']°'^. 
column of l(90|) is obtained by C-conjugaison from the first column. This completes the proof. □ 

We can apply what precedes to the fiat differentiation d. Let {N, J) be an almost complex 
manifold and s: M ^ N & map. Then we consider the complex vector bundle E = s*TN over 
M. Then applying what precedes to the 1-form rj — ds, we can consider the extensions ds and 
(ds)^, which then allows us to define the following extension of d to TM^: 

ds = ds and d''s ~ (ds)"^, 

and by abuse of notatiorF^ d''^ will be still denoted by d. Then we can write the following 
decompositions 

d — d + d and d = d + B 
■^^and to be coherent with the notation used until now, in the paper. 



(90) 

Finally, the second 
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according to the decomposition TM^ = T^'°M ® T°'^M. 

Now let us come back to the general situation of a complex vector bundle E over an almost 
complex manifold {M,jM), endowed with a complex connection V. Let us set 

H(M, E) = {7je T*M E\t^jm = Jri}. 

Then H(M, E) is a vector subbundle of the vector bundle T*M ® E and is naturally endowed 
with the complex structure defined by 

liv) = VJM = Jv, Vt? e T*M ® E, (91) 
which makes H(M, E) being a complex vector bundle whose the set of sections is 

Hom((rAf, jm), {E, J)) ={r^e C{T*M ® E)\'n o jm = J o r,}. 
The sections of H(A/, E) can also be caracterized by using the splittings i|88H89p : 
Lemma 5.2 We have the following equivalences for 1- forms rj G C(T*M (g) E): 

V ° Jm = Jot] r/ e T*M (E) E^-" ^ r]'-"'^^ = 0. 

Then we deduce in particular 

Lemma 5.3 Let s G C{E), then we have the following equivalences: 

Vs o JM = J o Vs ^ V^^'i^s = [V's]°'^ = ^ V'(s - iJs) = 0. 
We will say that s is a vertically holomorphic section. 
In fact we can say more 

Lemma 5.4 Let us consider the splitting TE = 7i © V given by V, where V = kervr ~ 'k*E is 
the vertical subbundle and H the horizontal one. Then let us define an almost complex structure 
J on the manifold E by setting 

J = {{dTl)*iM)\u ® 

Then a section s G C{E) is J -holomorphic if and only if it is vertically holomorphic. 

Proof. It suffices to prove that any section s E C{E) is horizontally holomorphic, i.e. satisfies 
the horizontal part of the equation ds o = J o ds. We have dn o (ds o j^) = since s is a 
section. In the other side we have dno {J o ds) = Jm odirods — Jm, by definition of J and using 
the fact s is a section. In conclusion dn o [ds o j^,/) = dir o [J o ds). This completes the proof. □ 

In the following, we will say that a section of a complex vector bundle {E, J, V) is holomorphic 
if it is J-holomorphic. 

Now, let us apply the two previous lemmas to the vector bundle H(Af, E). First, let us endow M 

with an almost complex connection V*^ (it means V*^ J = 0; such a connection always exists, 

® 

see [33]). Then T*M ® E \s naturally endowed with the connection V defined by V and V. 

_ «> _ 

Further, we denote by V the restriction to H(Af , i?) of V. Then we remark that V commutes 

with the complex structure I (defined by l(9T|) ). Therefore, we can now apply the two previous 
lemmas to the complex vector bundle (H(M, E), I, V) : 
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Proposition 5.4 A section o/H(M, E), -q e Hom((rAf, jm), {E, J)), is holomorphic if and only 
if it satisfies one of the following equivalent statements 

(i) v(°'% = 



(ii) V ry' 

„ nl,0 
V T] 



(iii) 

Moreover if M is a Riemann surfack'^\ then it also equivalent to 

-V -V 

(iv) d fi ~ d 7/^'°' — 0, or 

(v) d'^r]' = 

Moreover, if M is a complex manifold (i.e. Jm is integrable) then we choose for the unique 
torsion free complex connection on M. Then we obtain the following result: 

Proposition 5.5 Let I G TM be a complex line in the tangent bundle of the complex manifold 
M . Then for any section rj e Hom((rM, jm), {E, J)) we have the following equality 

^(0,1) ,v 

V ?7|/x; = a ri\i^i. 

Moreover if rj is holomorphic then d^rj = 0. More particulary, if M is a Riemann surface then 
we have the following equivalence 

rj is holomorphic ^=> d^ rj — 0. 

Remark 5.3 One could directly deduces the case of a Riemann surface by using DroDOsition l5.4l 
Indeed, the first way to do that is to write d^ry = d^rj' + d^rj" . Then remark that rj' and 77" 
takes values in and respectively, according to lemma [5731 Therefore since E^ '^ and 
are V-parallel, we can say that d^r]' and d^rj" take values resp. in E^'^ and E^'^ resp., so 
that d^T] = ^ d^r]' = ^ d^T]" ^ 0. Then if M is a Riemann surface d^rj' = B^r]', and we 
conclude by using proposition 15.41 

The second way to do that is to use the C-Hnearity. Indeed, the extension to TM'^ by C-Hnearity 

of d^T] is d^T] — d^fj — d^T]^-^'^^ — 0, since 7y(°'i) = (see lemma [5731) . Then if M is a Riemann 
—V 

surface ^^77'-^^°^ = d ri'^^'^\ and we conclude by using proposition 15 .41 - (iv) . 
Remark 5.4 Let us consider a 1-form /S G C{T*M ® E), then we can associate to it 

r^^fi^jpojM^po (Id - ijm) - o (Id - ijM). 

By definition 77 G C(H(M, i?)), i.e. rjojM — Jorj. Moreover, still suppposing that M is complex 
and that V*^ is the unique torsion free complex connection on M, we have 

V77 = o (Id - ijm) (92) 

because (Id — ijA-i) is V^^-parallel. 

Let us remark that since jm and the multiplication by i coincide in T^'^M, they define the same 



■*^and V*^ the unique torsion free complex connection in M, which coincides also with the Levi-Civita connection 
of any Hermitian metric on M. 
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complex structure, which we will suppose T^^°M to be canonically endowed with. Then, since 
(3 is by definition a complex linear morphism from TM'^ to E, /3(^'°) is also a complex linear 
morphism from T^'^M to E. Hence is a section of the complex vector bundle T^qM^cE. 

Therefore, from equation l(92)) . we deduce that 77 is a holomorphic section of H(M, E) if and only 
if is a holomorphic section of T^^M (g)c E. In particular if M is a Riemann surface, we 
deduce from l(92|) . that 




Now, we come back to our complex vector bundle (£', J, V) and we recall a theorem (^U) which 
caracterizes when J is integrable. 

Theorem 5.2 Let (EjJjV) — > {M^ju) be a complex vector over a complex manifold, with a 
complex connection V. Then we will say that a holomorphic structure £ is compatible with V (or 
that V is adapted to E) if it is induced by the almost complex structure J (defined by lemma \5J^ . 
In other words, a section s G C{E) is holomorphic with respect to £ if and only if 

yZ e T^^^M, Vzs = 0. 

An holomorphic structure E exists on E if and only if J is integrable, and in this case £ is unique. 
Moreover J is integrable if and only if the {Q, 2) -component of the curvature operato^^ RofV 
vanishes. 

When M is of dimension 2, then the (0, 2)-component of the curvature operator always vanishes 
so that E always admits a holomorphic structure compatible with V, that we will call, following 
[To] , the Koszul-Malgrange holomorphic structure induced by V. In the following, we suppose 
that a complex vector bundle {E, J, V) over a Riemann surface is always endowed with its Koszul- 
Malgrange holomorphic structure. 



Interpretation of the holomorphic harmonicity in terms of holomorphic 1-forms. 

Now we come back to the situation in the begining of 15.1.21 More precisely, we consider {N, J) 
an almost complex manifold, with V an almost complex connection, a Riemann surface 

and f:L^Na map. Then we apply what precedes to the complex vector bundle E — 
{f*TN, f*V , f* J) over L (i.e. L plays the role of M and / the one of s with respect to the 
notation of the previous paragraphs). We obtain a first theorem: 

Proposition 5.6 Let /: {L,]^) — > {N,J) be a map from a Riemann surface into an almost 
complex manifold. Let us set 

r]^df - Jdf oJm. 

Then rj is a section ofYi{L,f*TN), i.e. rjojj^j — J or/. Moreover f is holomorphically harmonic 
if and only if r/ is a holomorphic section of the complex vector bundle Il{L, f*TN), i.e. 

d^ri' = 0. 

Proof. We write 

d^r/ = d^ {df - Jdf o jm)) = {df + *Jdf) ^ d^df + Jd^ * df 

so that we can conclude according to proposition 15.51 and proposition 15.11 This completes the 
proof. □ 

■*5i.e. the (0, 2)-component of the extension J? of i? to A'^T*M^ by C-hnearity. 
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We can give a caracterisation which looks like very closely to the one which holds for harmonic 
maps (pl)|): 

Theorem 5.3 A map f: {L,]^) — > {^iJ) from a Riemann surface into an almost complex 
manifold, is holomorphically harmonic if and only if 

fdf = 0, (93) 
i.e. df is a holomorphic section of T^^L ®tc f *TN . 

Proof. Apply remark [5^ to P — df and then use proposition [521 to prove that df is a holomor- 
phic section and proposition 15.41 - fiv) to prove the equation l(93)) . □ 

5.2 The sigma model with a Wess-Zumino term in Nearly Kahler man- 
ifolds 

Here we present an interpretation of the holomorphic harmonicity in terms of a sigma model 
with a Wess-Zumino term. 

5.2.1 Totally skew-symmetric torsion 

First, let us recall some useful properties about connections. 

Proposition 5.7 Let V be a connection on a manifold N and A G C{T*N (g) End(TA^)). Then 
the connection 

V = \7 + A 

has the same geodesic as V if and only if A{-, •) is skew- symmetric (as a bilinear map). In this 
case for any map f: {M,g) N, from a Riemannian manifold in to N , we have Tg{f) = Tg{f), 
where Tg{f) and Tg{f) are the tension fields w.r.t. V and V respectively. Moreover (still in this 
case), we have 

T^' =T^ + 2A. 

Now, let us suppose that V is metric w.r.t. some metric h in N . Then V is metric if and only if A 
takes values (as a 1-form) in the skew- symmetric endomorphisms ofTN: A G C{T*N(^so{TN)). 
Therefore V is metric and geodesic-preserving if and only if A is totally skew-symmetric which 
means that the associated 3-linear map defined by A*{X, Y, Z) = {A{X., Y), Z) is a 3-form on N . 

Now let us see how we can introduce the Levi-Civita connection starting from a given metric 
connection. 

Proposition 5.8 Let N be a manifold endowed with some connection that we denote by V'^ (for 
some reason that will appear clearly below). Let us set 

V* = V" - tr°, < i < 1, 

where T" = is the torsion of . Then we have 

T* T^' = -(2<- l)r°. 

In particular, is torsion free. Moreover all the connections V*, < t < 1, are geodesically 
equivalent. 
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Now, let h he a metric on N which is -parallel. Then V* , t ^ , is metric if and only ifT'^ is 
totally skew- symmetric that is to say the 3-linear map defined by 

{T°)*{X, Y, Z) -.^ (T"(X, Y), Z) 

is a 3-form. In this case, coincides with the Levi-Civita connection V'* of h. 

Remark 5.5 We see that for a map /: {M,g) N, the strongly -harmonicities are all 
equivalent for t ^ ^. 

Conversely, 

Proposition 5.9 Let {N, h) be a Riemannian manifold, and let us denote by its Levi-Civita 
connection. Then a metric connection "S/ on N is entirely determined by its torsion T . Moreover 
a metric connection V on N is geodesically preserving if and only if its torsion T is totally 
skew-symmetric. Then in this case we have 

V = v'' + ir. 

Proof. For any metric connection V = V'' + A, we have 

T{X,Y) = A{X,Y) - A{Y,X) (94) 
2A*{X,Y,Z) = T*{X,Y,Z)+T*{Z,X,Y)+T*{Z,Y,X), (95) 

which proves the first assertion. Concerning the second assertion, we see (according to (|94ll95p ) 
that A is totally skew-symmetric if and only if T is so, i.e., according to proposition 15.71 ^ is 
geodesic preserving if and only if T is totally skew-symmetric. Then in this case T = 2A i.e. 

V = -h ^T. This completes the proof. □ 

Remark 5.6 The second equation ((95l) can be derived directly from the first one l(94l) (compute 
the right hand side of the second equation using the first equation which gives 2A*{X,Y, Z)). 
But there is another way (which will be useful in the following) to interpret this second equation. 
Indeed, first let us identify (via the metric h) in the following of this remark, each TA^-valued 
bilinear form B on N with the corresponding trilinear form B* . Then let us set A := ^{T -\-U) — 
\{T{X,Y,Z) +T(Z,X,Y) +T{Z,Y,X)), where U{X,Y,Z) = {U{X,Y),Z) = T{Z,X,Y) + 
T{Z, Y, X). We remark that U is symmetric w.r.t. to the variables X, Y, so that the connection 

V - A = V - i(r + [/) is torsion free. Moreover we see that A{X,Y,Z) = \{T{X,Y,Z) + 
T{Z, X, Y) + T{Z, Y, X)) is skew symmetric w.r.t. the two last variables Y, Z. Therefore V — A 
is metric and thus this is the Levi-Civita connection V'': 

v'^ V - i(r + [/). 

Moreover, T is totally skew-symmetric if and only if the "natural reductivity term" U = 0. 
Furthermore, let us remark that the bijective correspondence between T and A comes simply 
from the isomorphism of vector bundle T e A'^T*N <»TN< — > T + UT*N (g) so{TN). 
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5.2.2 The general case of an almost Hermitian manifold 

Let {E, J) be a complex vector space and let us set 



Bil(£') =E* ®E* ®E and T{E) 



{k^E*)® E ^m{E). 



and for e, e' £ Z2 we set 



Bif {E, J) = {Ae Bil(£;)|yl( •) 



eJA, A{-, J-) = e'JA} 



so that we have the decomposition 




(96) 



A^-'''{X,Y) = -- {ee'A{JX,JY) + eJA{JX,Y) + e'JA{X,JY) - AiX,Y)) . (97) 



Moreover we also have the decomposition 



■1,1 



where T^^" = (A^."^;*^) (g)c E = Bil++{E, J) n T, T^^" = (A"^2£;*C) ®c £^ = Bir-(£;, J) n T 
and ri>i = (Ai^i^;*^) = (Bil+- + Bir+) {E, J) n r. 



Of course, these notation can be extented to the case {E, J) is a complex vector bundle. In 
particular, we will use these for the tangent bundle (TiV, J) of an almost complex manifold, and 
will forget in this case the precision of the bundle in the notation and write for example simply 
r and Bil. 

Given an almost complex manifold {N, J) with a connection V (that we do not suppose to be 
almost complex) then its torsion T satisfies T € T ancQ we can decompose it following (|96|) : 
T = T++ + T + T + . Then since T is skew-symmetric, then so is T and 

T+- + T-+. In other words, we have T++ = T^-O, T^" = T^'^ and T+'- + T-+ = T'^'^. In 
particular we have {X, Y) = — T^+(y, X). Now, let us see how this decomposition can have 
a geometric meaning. 

Lemma 5.5 Let {N, J, V) be an almost complex manifold with an almost complex connection 
V. Then we have 

Nj = AT— 

where Nj denotes the torsion of J i.e its Nijenhuis tensor. 

Proof. According to [S^, Chap. IX, Prop. 3.6, the torsion Nj of J can be expressed in terms 
of the torsion T of the almost complex connection V: 



Proposition 5.10 Let {N, J, V) be an almost complex manifold with an almost complex connec- 
tion V. Then the following statements are equivalent. 

■*6i.e. T e C{T) 



Nj{X, Y) = T{JX, JY) - JT{JX, Y) - JT{X, JY) - T{X, Y) 



which gives us Nj — AT . This completes the proof. 



□ 
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(i) J anticommutes with the torsion TofV: T{X,JY) = — JT{X,Y). 

(ii) T = T— i.e. TeT^'". 

(iii) T^^Nj. 

Proof, (ii) <^ (iii) follows from the previous lemma. Now, we have obviously (ii) ^ (i). Con- 
versely (i) implies that T — T^^ + but since T is skew-symmetric this implies = 
and T = T~~ . This completes the proof. □ 

From now until the end of this section [5221 '^e consider {N, J) an almost complex manifold with 
an almost complex affine connection V and a V-parallel Hermitian metric h. Therefore (iV, J, h) 
is an almost Hermitian manifold with a Hermitian connection V. 

Proposition 5.11 Let {N,J,h) he an almost Hermitian manifold with a Hermitian connection 
V. Let us suppose that J anticommutes with the torsion T ofV. Let us suppose also that the 
torsion ofV is totally skew- symmetric i.e. 

T*{X,Y,Z) = {T{X,Y),Z) 

is a 3- form. Lastly, we suppose that the torsion is V-parallel, i.e. VT* = which is equivalent 
to VT — 0. Then the trilinear map 

H{X, Y, Z) = -T*{X, Y, JZ) = {JT{X, Y), Z) 

is 3- form and is closed dH = 0. 

Proof. Firstly, according to proposition[530l we have T* {JX, Y, Z) = T* (X, JY, Z) = T* {X, Y, JZ) , 
which prove that 77 is a 3-form. 

Let us compute the exterior differential of H in terms of the connection (with torsion) V: 

3 

dH{Xo,Xi,X2,X^) = Y,{-iyv\^H{Xo,...,x,,...,x^) 

i=0 

' E {-iy+^H{T{X,,X,),Xo,....X,,...,X,,...,X3)) 

0<i<j<3 

= S H{T{Xo,X,),X,,Xk)+H{T{X„X,),Xo,Xk) 

where the last sum is on all the circular permutations of 1,2,3. Moreover, we have 

H{T{Xo,Xi),Xj,Xk) — —H{Xk, Xj,T{Xo, Xi)) 

- {T{Xk,X,),JT{Xo,X,))) 
= {TiXo,X,),JTiX,,Xk)) 
~ —H{Xo,Xi,T{Xj,Xk)) 

— —H{T{Xj,Xk),Xo,Xi) 

so that we can conclude that dH = 0. This completes the proof. □ 

Theorem 5.4 Let {N,J,h) be an almost Hermitian manifold with a Hermitian connection V. 
Then, under the 3 hyphothesis of the previous proposition (T anticommutes with J , is totally 
skew- symmetric and V-parallel), the equation for holomorphically harmonic maps f : L N is 
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the equation of motion (i.e. the Euler- Lagrange equation) for the sigma model in N with the 
Wess-Zumino term defined by the closed 3- form H . The action functional is given by 

S{f) = Eif) + = 1 1^ M/pdvol, + H, 

where B is 3-submanifold (or indeed a 3-chain) in N whose boundary is f{L). 
Proof. Since dH = we have 

,55^^= / LsfH= [ disfH= [ isfH, 
Jb Jb JfiL) 

therefore the Euler-Lagrange equation is 

-T,(/) + JT,(/)-0 

which is the equation for holomorphically harmonic maps {g being as always a Hermitian metric 
on L). This completes the proof □ 



5.2.3 The example of a 3-symmetric space 

Let us suppose now that N = G/Gq is a (locally) 3-symmetric space. We use the notations 
of subsection 12.1.21 In particular, N is endowed with its canonical almost complex structure J 
defined by l(26l) . 

Proposition 5.12 The canonical connection V° in N commutes with the canonical almost com- 
plex structure J 

V"J = 0. 

Moreover, J anticommutes with the torsion r° of V° . Lastly, if N is Riemannian, then V° is 
metric and {N, J, h) is almost Hermitian for any G-invariant metric 

Furthermore, the torsion of V*' is totally skew- symmetric if and only if h is naturally reductive. 
Now, we can conclude 

Theorem 5.5 Let us suppose that the (locally) 3-symmetric space N — G/Gq is Riemannian 
and naturally reductive. Let h be a G-invariant naturally reductive metric on N . Then the 
equation for holomorphically harmonic maps f:L^N is the equation of motion (i.e. Euler- 
Lagrange equation) for the sigma model in N with the Wess-Zumino term defined by the closed 
3-form H , corresponding to the anticanonical almost complex structure —J and the canonical 
connection V". 

Remark 5.7 The hypothesis of natural reductivity is always satisfied if we allow us to use 
pseudo-Riemannian metrics and if g is semi-simple: the metric defined by the Killing form is 
then naturally reductive. Moreover, let us remark that w.r.t. Riemannian metrics the natural 
reductivity is in fact an hypothesis of compactness: the Lie subgroup of GL{m) generated by 
{[adm(-'i')]m7 -''^ G iTi} must be compact. 

'^'^ chosen according to our convention explained in subsection l2.1.2l that is Tm leaves invariant the inner product 
defining h. 
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5.2.4 The good geometric context/setting 

In the previous variational interpretation given by theorem 15.41 we need to make 3 hypoth- 
esis on the torsion of the almost Hermitian connection: T anticommutes with J, is totally 
skew-symmetric and V-parallel. Here, we want to understand what do these hypothesis mean 
geometrically and what is the good geometric context in which these take place. It will turn out 
that the good geometric context is the one of Nearly Kahler manifold. 

Definition 5.3 An almost Hermitian manifold {N,h,J) is called nearly Kahler if 

(y\j)x = 0, 

where V'' is the Levi-Civita connection of h. 

We can deduce immediately the following properties. 

Proposition 5.13 Let {N, h, J) be an almost Hermitian manifold. Let us consider its canonical 
Hermitian connection 

V° := V'* - -JV^J, 
2 

the torsion of which is denoted by r° . Then the following statements are equivalent: 

(i) T''(-, J-) = — jr''(-,-) and T'^ is totally skew-symmetric. 

(ii) r° = -JV'^J. 

(iii) -JW^J{-, •) is skew-symmetric. 

(iv) (N, h, J) is nearly Kahler. 

(v) 'S/jxJ = —JVxJ and is totally skew- symmetric. 

Proof. First, we see that the implications (ii) (i) and (ii) ^ (iii) <=f- (iv) are obvious. Then 
by definition of V° we have 

r°(x,y) = -i(j(v^j)y- j(v^j)x) (98) 

which gives us the implication (iii) (ii). Furtermore, according to proposition 15.81 if T'^ is 
totally skew-symmetric then we have V'* = V" — ^T^ which provides the imphcation (i) ^ (ii). 
Finally the equivalence (i) <^ (v) follows directly from l(98)) . This completes the proof. □ 

In particular, a nearly Kahler manifold endowed with its canonical Hermitian connection satisfies 
2 of our 3 hypothesis on the torsion (r° anticommutes with J and is totally skew-symmetric). 
Conversely, we have 

Theorem 5.6 Let {N, h, J, V'') be an almost Hermitian manifold with an almost Hermitian 
connection V. If the torsion ofV'^ anticommutes with J and is totally skew- symmetric then 
{N, J, h) is nearly Kahler. Moreover, in this case, V*' is the canonical Hermitian connection. 
Therefore the injective map 

{h,j)^ih,.jy'-^.jv^j) 

is in fact a bijection from the set of nearly Kahler structures on N into the set of almost Hermitian 
structures, (/i, J, V°), with an almost Hermitian connection whose the torsion is totally skew- 
symmetric and anticommutes with J. 
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Remark 5.8 In other words, in an almost Hermitian manifold there exists at most only one 
Hermitian connection with totally skew-symmetric and J-anticommuting torsion, and if this 
connection exists then it coincides with the canonical Hermitian connection and the almost 
Hermitian manifold is nearly Kahler. 

Moreover, the third hypothesis (the torsion is parallel) is implied by the first two. 

Proposition 5.14 [Kirichenko], |3H[2] If{N, h, J) is nearly Kahler then the canonical Hermitian 
connection has a parallel torsion: V°T° = 0. 

Now, we can reformulate our theorem 15.41 by using the right geometric context: 

Theorem 5.7 Let {N, h, J) be a nearly Kahler manifold then the equation of holomorphic har- 
monicity for maps f : L ^ N is exactly the Euler- Lagrange equation for the sigma model in N 
with a Wess-Zumino term defined by the 3-form: 

3 

where flj = ( J-, •) is the Kahler form. 

Proof of theorem 15. 6L If the torsion of V° is totally skew-symmetric then we have V'' = 
— so that if moreover r° anticommutes with J then — is the J-anticommuting 

parlF^ of i.e. — = iJV^'J and V° is the canonical Hermitian connection. Therefore, we 
can apply proposition 15.131 which allows us to conclude. This completes the proof. □ 

Proof of theoremlEllWith the notation of proposition[5lII]we have H{X, F, Z) = {JT"{X, Y), Z) = 
{{V''J){X,Y),Z) = V''nj{X,Y,Z) according to proposition [5331 and since V'^flj is a 3-form 
{{N, J, h) is nearly Kahler), we have dflj = SV'Tij. This completes the proof. □ 

Remark 5.9 With this new setting, the closeness oi H — ^dV,j is obvious. 

Return to the example of a 3-symmetric space According to proposition 15.121 a Rie- 
mannian (locally) 3-symmetric space N — G/Gq is nearly Kahler if and only if it is naturally 
reductive. Then, we can reformulate the theorem 15.51 as follows: 

Theorem 5.8 Let us suppose that the (locally) 3-symmetric space N = G/Gq is Riemannian 
and naturally reductive. Let h be a G -invariant naturally reductive metric on N . Then the 
equation for holomorphically harmonic maps f:L^N is the equation of motion (i.e. Euler- 
Lagrange equation) for the sigma model in N with the Wess-Zumino term defined by the closed 

3-form H = —-dflj_, where J denotes the canonical almost complex structure. 
5.2.5 J- twisted harmonic maps 

Definition 5.4 Let f: {M,g) ^ N be a map from a Riemannian manifold {M,g) to a manifold 
N . Let us suppose that the vector bundle f*TN is naturally endowed with some connection V. 
Then we will say that f is roughly harmonic w.r.t. V (or V-roughly harmonic) if 

Trg(Vd/) = 0. 

**In the sense of theorem 14. 191 
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This definition is useful in the case there exists a natural mapping which associates to each map 
/ : (M, g) ^ N a connection in the vector bundle f*TN. For example, we have the following. 

Theorem 5.9 A map f: {L,]^) — > (NjJjV) from a Riemann surface into an almost complex 
manifold with a connection V is holomorphically harmonic if and only if it is roughly harmonic 
w.r.t. 

v-rv + ijr(d/oji,.). 

Definition 5.5 Let {N, J) be an almost complex manifold with an arbitray connection V. Then 
let us decompose it (in an unique way) as the sum of a J -commuting and respectively J -anticommuting 
part: V = V° + A, where V" J = 0, and A e C{T*N ® End(TiV)), AJ = -J A, i.e. A = \ JV J . 
Then to any map f : L N let us associate the connection 

We will say that f : L N is J-twisted harmonic w.r.t. V if f is roughly harmonic w.r.t. V. 
Now, we can conlude by the following geometric interpretation of holomorphic harmonicity. 

Theorem 5.10 Let {N, J, h) be a Nearly Kdhler manifold. Then a map f : L ^ N is holomor- 
phically harmonic w.r.t. the canonical Hermitian connnection V'' if and only if it is J-twisted 
harmonic w.r.t. V''. 

5.3 The sigma model with a Wess-Zumino term in ^i-manifolds 

5.3.1 TA^- valued 2-forms 

Let (TV, J, h) be an almost Hermitian manifold. In all the section I5.3[ each TA^-valued 2-form 
on N, B G C{T), will be identified (via the metric h) with the corresponding trilinear form, 
skew-symmetric w.r.t. to the 2 first arguments: 

B{X,Y,Z) := (B{X,Y),Z). 

In particular, the left multiplication by J on C(T) defined a multiplication on the set of corre- 
sponding trilinear forms {JB){X,Y, Z) ~ {JB{X,Y), Z). Moreover, under this identification, 
the space O^(A^) := C{A^T*N) of 3-forms will be considered as a subspace of C(T). We denote 
by Skew the following surjective linear map from C(T) onto n^{N): 

Skew{B){X, Y, Z) = B{X, Y, Z) + B{Y, Z, X) + B{Z, X, Y). 

Let us remark that |Skew(i3) is the skew-symmetric part of the trilinear form B and |Skew : C(T) 
n^{N) is a projector (called the Bianci projector in [H]). To any trilinear form a € C((8)^T*iV) 
will be associated its J-twisted trilinear form 

a'^ = —a{J-, J-, J-). 

In particular, if a = d(3, with (3 G n^{N) := C{A^T*N) then we set := a". 

We will also use the following action of the complex structure J on G{T): for any B £ CiT) 

J ■B:= -JB{J-, J-) = J{B++ + B—) - J{B+- + B-+) (99) 

i.e. in term of trilinear forms 

J B^ B{J-,J-,J-) = -B". 
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Let us remark that J ■ (J ■ B) = —B. 

Furthermore, let {L^jl) be a Riemann surface and B e C(T), then for any map f : L N and 
any Hermitian metric g on (L, ji), we set 

Bg{f) - *rB = B{J,TL). (100) 

We will use a second natural action of J on C(T) defined by: for any B e C{T), 

J(3B = B{J-,-,-)+B{-,J-,-)+B{-,-,J-) 

and in terms of the components S^'*^ : 

= JB++ - 3JB— - J{B+- + B-+). 

Moreover, by the aid of the two previous natural action, we can define a third action that will 
turn out to be the relevant one in the interpretation of the maximal odd determined system: for 
any B £ C{T), 

J^B^^ [BiJ; J; J-) + B{J; ; •) + B{; J; ■) + B{; ; J-)) = ^ (J . B + J (3B) , 

and in terms of the components B^'^ : 

= JB++ - JB~- - J{B+- +B^+). 

Remark 5.10 Let us remark that all the three previous actions are independent of the metric h, 
as we can see it from the expressions in terms of the components i?^'"^ , or more simply by writing 
their definitions using TiV-valued 2-forms like in J &B ^ B{J-, ■) + B{-, J-) - JB{-, •) and 

J* S = -i J {B{J-, J-) + JB(J-, •) + JB{-, J-) + •)) . 

We remark that this last formula - up to the factor — ^ J and to the signs - makes J*i3 look like 

to some kind of torsion tensor of J w.r.t. B (cf. the definition of Nj). 

In particular, these three actions are defined in a general almost complex manifold (iV, J). 

Remark 5.11 The equations (|97|) can be rewritten using the metric h as follows 

B^'^' = {ee'B{J; J-, •) - eB{J; •, J-) - e'B{; J-, J-) ~ B{; •, •)) • (101) 

This leads us to define the following action 

J CS2B = B(J-, J-, •) + B( J-, •, J-) + B(-, J-, J-)=B- AB—. 
It is also important to remark that J ■ B — J (3B = AJB and J ■ B — J * B = 2JB^^, so that 

Proposition 5.15 Let T be the torsion of some Hermitian connection V on {N, J, h), then we 
have 

J-T-J(5T = JNj and J ■ T - J -kT ^ ^JNj. 



97 



5.3.2 Stringy Harmonic maps 

We have seen two different ways to generalise the harmonicity to the case of affine target manifold. 
The first one is very natural and consist simply to write the harmonic map equation Trg(V(i/) = 
for an afRne connection V. The second one concerns holomorphicaly harmonic maps (from 
a Riemann surface into an almost complex manifold) and was dieted to us by the geometric 
equation of the second elliptic integrable system associated to a 3-symmetric space (section [2321 
paragraph: The model case). Furthermore, the preHminary study of the maximal determined 
system done in section 12.41 leads us to introduce the following generaHsation of harmonic maps 
(which will turn out to be a generalisation of holomorphically harmonic maps for particular 
target spaces like nearly Kahler manifolds). 

Definition 5.6 Let {N,J) be an almost complex manifold with V an affine connection then we 
will say that a map f:L^N from a Riemann surface into N is stringy harmonic if it is 
solution of the harmonic map equation with a JT-term; 

-rg(/) + (J.T)3(/) = 0. 

We remark that if T anticommutes with J then stringy harmoniciy coincides with holomorphic 
harmonicity (since in this case J ■ T — JT). However, even though stringy harmonicty seems to 
be the more natural generaHsation of (holomorphically) harmonic maps - in particular because 
of the property J ■ {J ■ B) = —B which makes the first action look like very closely to the simple 
multiplication by J, which is not the case for the two other actions- it will turn out that the 
interpretation of the maximal odd determined system (see section 12. 4p will use the action J * T 
of J on T. This leads us to the following modified definition. 

Definition 5.7 Let {N,J) he an almost complex manifold with V an affine connection then we 
will say that a map f : L ^ N from a Riemann surface into N is ★-stringy harmonic if it is 
solution of the modified stringy harmonic maps equation; 

-r,(/) + (J*T),(/) = 0. 

We remark that if T anticommutes with J then *-stringy harmoniciy coincides with antiholo- 
morphic harmonicity (since in this case J -kT = — JT). 

Now, we will see that, under some hypothesis, the two previous definitions are in fact equivalent 
in the sense that there exists a new almost complex J* such that J *T = J* ■ T. 

Proposition 5.16 Let iN,J) be an almost complex manifold. Let us suppose that there exists 
a J -invariant decomposition TN = © E~ such that for some B e C(T), we have 

Va,a'eZ2, B**{E",E''') C E°"^' and B— {E"" , E'^' ) d E-°"^' . (102) 

where B** := B++ + B+- + B-+ = B - B — . Let us define J* ^ J\e+ © -J\e-, then we have 

JirB = J* B. 

Corollary 5.1 Let {N,J) be an almost complex manifold with V an affine connection. Let us 
suppose that there exists a J -invariant decomposition TN = E^ © E^ such that the torsion T of 
V satisfies the conditions 110^) . Let J* — J\e+ ® ^J\e- ■ Then the -k-stringy harmonicity with 
respect to J is exactly the stringy harmonicity with respect to J*. 
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5.3.3 Almost Hermitian tJi-manifolds 

In all this subsection, we consider {N, J, h) an almost Hermitian manifold with a Hermitian 
connection V, whose the torsion is denoted by T. 

Proposition 5.17 The components B^^ of an element B e C{T), considered as trilinear forms , 
satisfy the following properties: 



B++ 


e 


C ((A^^o ( 


>5A"'i)( 


9 (A°-2 ( 


»Ai."): 
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B+- 




C ((Ai'° ( 


8A°'ig 


3A0'1)S 


) (A°'i $ 


5Ai'0®Ai^0)) 
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§AO'i0Ai-°)) 
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C ((A^'O ( 


SAi'O)* 


9 (AO'2 ( 


>5A°'i); 





w/iere A^-* = AP'«r*iV. 

Corollary 5.2 Lei B g 57'^(A^) C C(T) 6e a 3-form on N , then B^^ is also a 3-form and is of 
type (3, 0) + (0, 3). Moreover B++ + B+- + 5"+ is a 3-form of type (2, 1) + (1, 2) and we have 
the following relations: 

B++ {X, Y, Z) = B+- {Z, X, Y) 
B-+{X,Y,Z) = B+-(Y,Z,X) 

in other words B** := B++ + B+- + B-+ = Skcw(B'^^'), V(£,£') G Zs \ {(-,-)}• 
In particular, let us suppose that the torsion T of the Hermitian connection V is totally skew- 
symmetric, then T~~ is also a 3-form and is of type (3, 0) + (0, 3), and T** is a 3-form of type 
(2, 1) + (1,2). More particulary, the Nijenhuis tensor Nj is totally skew- symmetric. 

Corollary 5.3 Let us suppose that the torsion T of the Hermitian connection V is totally skew- 
symmetric, then 

dQj = + J(T+- + - r++) = - J (3T 

i.e. 

dQj = JNj - J -T. 

Proof. Since T is skew-symmetric, we have V = V'' + ^T, so that V J — impHes 

V''a7 = -^(T(.,J.,.)+T(.,.,J.)) 

and therefore applying the operator Skew to that and using the fact that T is skew-symmetric 
we obtain 

dflj = -J (t)T. 

Then the last assertion follows from proposition l5.15l This completes the proof. □ 
Now, we can conclude that 

Theorem 5.11 An almost complex Hermitian manifold {N, J, h) admits a Hermitian connection 
with totally skew- symmetric torsion if and only if the Nijenhuis tensor Nj is itself totally skew- 
symmetric. In this case, the connection is unique and determined by its torsion which is given 
by 

T = -d^Qj + Nj. 
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Proof. If such a Hermitian connection with skew-symmetric torsion exists, then according to 
corollary 15. 2^ Nj is itself skew-symmetric and moreover, according to corollary I5.3[ we have 
dQj = JNj - J -T = J ■ {Nj ~T) therefore T = J • dVlj + Nj. This proves the unicity. 
Conversely, let us suppose that Nj is skew-symmetric and let V be the metric connection defined 
by the torsion T = J ■ d^j + Nj, i.e. V = V'' - ^T. We have to check that VJ = 0. Let us 
recall ([33|, proposition 4.2) that we have 

2(\/x^j)iY, Z) = dQj{X, Y, Z) - dnj{X, JY, JZ) + Nj{Y, Z, JX). (103) 

Applying Skew to that, we obtain 

2dnj{X, Y, Z) = 3dnj{X, Y, Z) - dQjiX, JY, JZ) - dVLj{JX, Y, JZ) - dVLj{JX, JY, Z) 

+ Nj{Y, Z, JX) + Nj{X, Y, JZ) + Nj{Z, X, JY) 

therefore 

^A{dVLj)^^'^{X,Y,Z) = Nj{Y,Z,JX) + N.j{X,Y,JZ) + Nj{Z,X,JY) (104) 
— 3Nj{X, Y, JZ) (since Nj is skew-symmetric (and of type (0, 2)). 

Now, we can compute 

wnj = (s7'' + l(j.dnj + Nj)^nj 

= V'^f^j + ^{Nj{X, JY, Z) + Nj{X, Y, JZ) - dVlj{JX, Y, JZ) - dVlj{JX, JY, Z)) 

= i(dr2j(X, Y, Z) - dVlj{X, Y, JZ) - dVLj{JX, Y, JZ) ~ d^j{JX, JY, Z) 

+iVj(y, Z, JX) + Nj{X, JY, Z) + Nj{X, Y, JZ)) 
= ^{SNjiX, Y, JZ) + Nj{Y, Z, JX) + Nj{X, JY, Z) + Nj{X, Y, JZ)) = 0. 

This completes the proof □ 

Remark 5.12 This theorem can be deduced from a more general result of Gauduchon |14j . 
Proposition 2 (see also section [5.3.41 below) . In fact, it has been stated first by Friedrich-Ivanov 
[T3] (but without writting completely the proof). 

Definition 5.8 The unique Hermitian connection with skew- symmetric torsion is called the 
characteristic connection. According to the Gray-Hervella classification [15j of almost Hermi- 
tian manifolds, {N, J, h) admits a skew- symmetric Nijenhuis tensor if and only if if is of class 
Wi © W2 ® W3 =: Gi (see [15]/ These manifolds are called Gi-manifolds and according to the 
previous theorem they are exactly the almost Hermitian manifolds which admit a characteristic 
connection. 

Proposition 5.18 Let us suppose that the almost Hermitian manifold {N, J, h) is a Gi-manifold. 
Let us suppose that its characteristic connection V has a parallel torsion VT = 0. Then the 3- 
form 

H{X,Y,Z) = T{JX, JY,JZ) = {{J ■T){X,Y),Z) 

is closed dH — 0. 
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Proof. Since, according to corollarv l5.3[ we have H = —dflj + JNj, we only have to prove that 
the 3-form JNj = AJT is closed. Moreover, since J is V-parallel, so is the decomposition 
Bil(£') — ffizaxZaBil*^'^ {E, J), so that if T is V-parallel then so are its components T^"^ . Then 
the V-parallel 3-forms, H, dQj and JT satisfies the following formula for V-parallel 3-forms 
a: 

3 

da{Xo,Xi,X-2,X3) = ^(-l)^Vx.a(^o,...,^»,...,^3) 

i=0 

- E i-iy^'aiTiX,,X,),Xo,...,X„...,Xj,...,X3)) 

0<i<j<3 

= 6 a{T{Xo,X,),X,,Xk) + a{T{X,,X,),Xo,Xk) 
= e a{T{V,Z),X,Y) + a{T{X,Y),V,Z) 

Ji. ,Y ,Z/ 

where we have set {X, Y, V, Z) = {Xj,Xk, Xq, Xi). Then applying this formula to d^lj, we obtain 
= -d{dnj) = -d{3JT— + J{T+- +T-+ -T++)) 

= 6 {{3T— -T++ + T^''^) {X,Y),J {T— +T++ + T^'^) {V,Z)) 

where {X,Y) ^ {V, Z) means that we sum on the set {{X,Y,V, Z), {V, Z, X,Y)} . After a 
straightforward computation, we find 

= -d{dnj) ^6^ mT-{X,Y),JT++iV,Z)) (105) 

' ' (X,Y)^{V,Z) 

+2{T—{X, Y),JT^'\V,Z)) 
-2 {T++{X,Y), JT^-\V, Z)).} 

Now, let us consider 4-linear forms on the variable {X, Y, V, Z) G TN'^ and the associated decom- 
position ®'^T*N^ = ©^£(22)4 A^i «) ® A^^ ® A^% where A+ = Ai'"T*7V and A" = A°'^T*N. 
Then the term in the first line of (|105p is in (®''A+) © ((8>''A~) whereas the terms in the sec- 
ond and third lines are in ((g)+++") © ((g) +) © (ig)++~+) © ((g) +"), where g)ei:^2,e3,e4 = 
A^i g) A^" g) A''=' g) A''", Ve e (22)^. Hence the sums ^& ^J2(^x.y)^{v,z) of these terms are re- 
spectively in A*'*^ © A°'* (first line) and in A'^'-'^ © A^'^ (second and third lines). Therefore we 
obtain (in particular) that the first line vanishes 

xfz ^ MT—{X,Y),JT++{V,Z))^0. 

■ ' {X,Y)^{V,Z) 

Let us apply this to the computation of d{JNj): 

d{JN.j) = ^6^ ^JT--{X,Y),T**iV,Z)) 

= XYZ ^ 4(JT— (X,y),Ti-i(F,Z)). 

' ' {X.Y)^iV,Z) 

We see that {JT'~{X,Y),T+-{V,Z)) is in ((g+++-) © ((g +). But since JT— is a 3-form, 

we have 

{JT—{X,Y),T+-{V,Z)) = -{JT—{X,T+-{V,Z)),Y) 
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and this second 4-linear form (in the variable {X,Y,V, Z)) is in (®++ ^) ® (® + ), which 
imposes that {JT—{X, Y), T+-{V, Z)) = 0, V(X, Y, V, Z) e TN^. We can prove the same result 
if we replace by T ^ . Therefore d{JNj) = 0. This completes the proof. □ 

Moreover, according to proposition 15. 15[ we deduce 

Proposition 5.19 Let us suppose that the almost Hermitian manifold {N, J, h) is a Gi-manifold. 
Let us suppose that its characteristic connection V has a parallel torsion VT = 0. Then the 3- 
form 

H*{X,Y,Z) = {{J^T){X,Y),Z) 

is closed dH* = 0. 

Now, we can conclude with the following variational interpretation of the stringy harmonicity. 

Theorem 5.12 Let us suppose that the almost Hermitian manifold {N,J,h) is a Gi-manifold. 
Let us suppose that its characteristic connection V has a parallel torsion VT = 0. 

• Then the equation for stringy harmonic maps f : L ^ N is exactly the Euler- Lagrange equation 
for the sigma model in N with a Wess-Zumino term defined by the closed 3-form 

H = -dQj + JNj. 

• Moreover the equation for -k-stringy harmonic maps f : L ^ N is exactly the Euler- Lagrange 
equation for the sigma model in N with a Wess-Zumino term defined by the closed 3-form 

H* = -dQj + ^JNj. 

Remark 5.13 We remark that the two previous sigma model differ by the Wess-Zumino term 
defined by the 3-form —JNj. 

5.3.4 Characterisation of Hermitian connections in terms of their torsion 

In this subsection, we will give a result of Gauduchon [14] characterizing the Hermitian con- 
nections in terms of their torsion. We need to write with our notations and inside our setting 
and to write one proof in such a way that it will appear clearly that this reuslt holds as well 
for Riemannian /-structure (see section [5^ so that we will not have to reprove it (at least not 
entirely) in this more general context. 

Theorem 5.13 Let {N,J,h) be a Hermitian manifold. Then a metric connection V is almost 
complex ifandonlyif the following statements hold 

Nj = 4T°'2 and S{T^'° - T^'i) = (#f7j)(+) . 

Proof. The metric connection V can be written in the form V — V'' — -(T -I- [/), where 
C/(X, y, Z) = T{Z, X, Y) + T{Z, Y, X). Then Vflj = if and only if 

V'' J = -i[(r + U), J]=- ((T + U) — J +{T + U)+^J) (106) 

buS 

U—{X,Y,Z) = U{T—) and U+- {X,Y, Z) = T'+iZ, X,Y) + T++ {Z,Y, X). 
'*9with U{B){X,Y,Z) = B{Z,X,Y) + B{Z,Y,X), for any B eT. 
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so that, according to (|103p 

{dnj)+~ ^ (y''nj)+- = -t+-{x,jy,z)-t-+{z,x,jy)-t++{z,jy,x) 

= - {Skew{T)+-{X,JY,Z) - 2T++{ JY, Z, X)) 
= -J - {Skew(T)+-{X,Y,Z) ~2T++{Y,Z,X)) . 

Therefore applying Skew, 

J ■ = (J • dl7 = Skew(r)** - 2Skew(T++(y, Z, X)) 

= Skew(T** - 2T++) 
= Skew(-r2^° + Ti'i) 

Besides, taking the (e, £')-component of equation (|106p for (e,£') = (++), ( — h) instead of (H — ) 
would give the same result. Now, it remains to see what gives us the (— , — )-component of this 
equation. Equations l|103D and then (11041) yield 

2(V''r!j)°'2 = 2idnj)°'^ + Nj{Y, Z, JX) = {Nj{Y, Z, JX) + Nj{JX, Y, Z) + Nj{Z, JX, Y)) + Nj^Y, Z, JX) 

= -\ [Nj{JX, Y, Z) + Nj{Z, JX, Y) + N.j{Z, Y, JX)) 
so that the (0, 2)-component of equation l|106p is written 

-i {N.j{X, JY, Z) + Nj{Z, X, JY) + Nj{Z, JY, X)) = -(T—{X, JY, Z)+T—{Z, X, JY)+T—{Z, JY, X)). 
Using the fact that the map B eT ^ B + U{B) e T*N ® 5o{TN) is bijectivcS, we obtain 

T- = \nj. 

This completes the proof. □ 
5.3.5 The example of a naturally reductive homogeneous space 

In this subsection we consider G/K a reductive homogneous space and we denote by g = ? © tn 
a reductive decomposition of the Lie algebra g. 

Theorem 5.14 Let N — G/K be a Riemannian naturally reductive homogeneous space. Then 
the canonical connection is a metric connection with skew- symmetric torsion (w.r.t. any naturally 
reductive G-invariant metric h). Let us suppose also that N = G/K is endowed with some G- 
invariant complex structure J (i.e. m is endowed with some AdK -invariant complex structure 
Jo). Jf moreover one can choose a naturally reductive G-invariant metric h for which J is 
orthogona^^, then {N, h, J) is an almost Hermitian Qi-manifold and its characteristic connection 
coincides with the canonical connection. 

Proof. The naturally reductivity means exactly that the torsion of the canonical connection is 
skew-symmetric. Then according to theorem lS.lll we deduce that [N, h, J) is C/i-manifold. This 
completes the proof. □ 



'"See remark [5T6l 

'^which means that denoting by G(m), the compact subgroup in GL{m) generated by Am(m) := 
{[adm {X)]m,X G m} C 0[(m), and by (G(m), Jo) the subgroup generated by G(m) and Jo, then (G(m), Jo)/G(m) 
is compact. 
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Remark 5.14 In particular, we see that the Nijenhuis tensor is skew-symmetric. We can re- 
cover that by saying that since the G-invariant complex structure is parallel with respect to the 
canonical connection, then Nj = 4T and moreover since T is a 3-form so is its component 
T~. 

Proposition 5.20 Let N = G/K he a Riemannian homogeneous manifold endowed with a G- 
invariant complex structure J. Let f:L^N be a smooth map, F: L ^ G be a (local) lift of 
f and a — F~^.dF the corresponding Maurer-Cartan form. Then in term of a, the equation of 
stringy harmonicity is written 

* "m + [at A - -j^-h [J^am A Joam]m = 
whereas the equation of -k-stringy harmonicity is written: 

* am + [at A + ^ [Joa^ A a^]^ + i Jo ([Joam A Joam]^ + [am A am]m) = 
where Jq is the complex structure on m corresponding to J. 

5.3.6 Geometric interpretation of the maximal determined odd case. 

In this subsection, we suppose that N = G/K is a (locally) {2k + l)-symmetric space, and we 
use the notations and the conventions of 12.11 

Theorem 5.15 Let us suppose that N = G/K is a (locally) {2k + l)-symmetric space endowed 
with its canonical almost complex structure i_ and its canonical connection V°. Then the asso- 
ciated maximal determined system, Syst(2A;,r) is the equation of ★-stringy harmonicity for the 
geometric map f : L ^ N : {V°)* df + {3*T'^){f) = 0. El 

Moreover, if we consider now that N = G/K is endowed with the almost complex structure 
J* := l)-' J[m .], then this system is the equation of stringy harmonicity for the geometric 

map / : L ^ N: {V^)*df + (J* • r")(/) = 0. 

Now, Suppose also that N ~ G/K is naturally reductivr\ Therefore, the previous system is 
exactly the Euler-Lagrange equation for the sigma model in N with a Wess-Zumino term defined 
by the closed 3-form 

H* = -df^j + ^JiVj. 

Moreover, if N ^ G/K is endowed with the almost complex structure 3* , the previous system is 
exactly the Euler-Lagrange equation for the sigma model in N with a Wess-Zumino term defined 
by the closed 3-form 

5.4 /-structures on homogeneous fibre bundles 
5.4.1 Connections preserving a /-structure 

Let us consider {N,F) a f -manifold, i.e. a manifold endowed with a /-stucture (see defini- 
tioninil]). Let us set H = Imi^ and V = keri^, then we have TN = 7i®V. If we put P = ~F^, 

^^Where we have removed the index "g" which precises that the previous terms are computed with respect to 
some Hermitian metric g on L. 

'^and we choose a naturally reductive G-invariant metric h for which rm and thus J are orthogonal, see the 
Appendix. 
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then P is the projector on H along V. Moreover PF = FP = F and F^P = —P. In particular, 

:= Fi^T-^ is a complex structure in the vector bundle TC. 
Let us denote also by g := Id — P the projector on V along Tl. We denote hy X ^ X^ + X'^, or 
sometimes simply by X ^ X"" + X^ , the decomposition of any element X e TN . 

In all the section [531 we will consider the bundles H.* and V* as well as all their tensor products 
respectively, as subbundles of T*N and ®^T*N , /c G N*, respectively. For example, for any tri- 
linear form B e C{®'^T*N), we will consider i?|-HxVx-H a-s an element of C(T*A^'^) by identifying 
it to B{P-,q-,P-). 

Moreover, we will often identify a /c-linear map with its expression in terms of the vectors 
(Xi, . . . , Xfe) e TN''. For example, given B € C{(g)^T*N), we will write " let (3 € H* xH* xV* he 
defined by /3 = BiZ" , X^" instead of " let P & H* xH* xV* he defined hy PiX Z") = 

B{Z\X'', r''), for all X,Y,Z e TN\ 

Definition 5.9 The Nijenhuis tensor Np of F is defined by 

Nf{X,Y) ^ [FX, FY] -F[FX,Y] -F[X,FY] - P[X,Y], 
where X,Y e C{TN). 
Then we obtain immediately ([23) 

Proposition 5.21 We have the following identities. 

NFiqX,qY) = -P[qX,qY] = PNpiqX^qY) 

qNFiX,Y) = q[FX,FY] = qNF{pX,pY) 

NpiqX, PY) = -F[qX, FY] - P[qX, PY] 

so that 

Nivxv = Rv and ^ -R7^(F-, 
where Ry and Rh are the curvature ofV and H respectively (in the sense of definition \4.2^ l. In 
particular, N^{V,V) = N^{n,V) = {0} i.e 

N(n, V)(in and N{V, V) C H. 
Moreover Npsvyj-c = IVxw satisfies the following property 

Nf{X'',J^Y'') = -J'^Nf{X'',Y^) 
i.e. Np{X'" anticommutes with . 

Definition 5.10 Let {N,F) be a f -manifold. Then for any B <eT , we set 

B^'^' (X, ^) = {ee'B{FX, FY) + eFB{FX, Y) + e'FB{X, FY) - B{X, Y)) . 

Then we have PB^-^' = [bJ^^Y'^^ or in other words B"^^' = (sf^s)^'^ - h^B^{F-,F-) - B^). 

As for the case of an almost complex structure (section I5.3.ip , we can define natural actions of 
F on elements B E T: 

F B := B{F-,F-,F-) -.^ -B" 
F &B := B{F-,-) + B{-,F-)-FB{-,-) 
F»B = F ■ B + F (l)iB ~ B^2) 

Fi.B = ^{F»B + F &B) . 
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It is then important to remark that F • B — F (3B ^ AJ ■ B , where J — and B — B^2 ; 
and hence that F»B-F-kB = 2J-B — . 

Notations We extend the notations and definitions of section [5731 concerning there the com- 
plex bundle {TN, J) (defined by a complex manifold (iV, J, h)) to the complex bundle (7i, J^), 
defined in the present section by the /-manifold (iV, F) . Then all the algebraic results -like 
corollary 15.21 - of section [5731 can be extended to the complex bundle (H, J^)l£3 

Introducing an affine connection. Now, we introduce an affine connection and want to 
compare the vertical component of the torsion with the vertical torsion. 

Proposition 5.22 Let {N, F, V) be an affine manifold endowed with a parallel f -structure (VF = 
0). Then the subbundles H — ImF and V = kerF are V -parallel. 

Proposition 5.23 Let (iV, V) be an affine manifold. Let us suppose that we have a "S/ -parallel 
splitting TN = Ti, ® V , where H, V inherit the names of horizontal and vertical subbundles 
respectively. Then the vertical torsion coincides with the vertical component of the torsion: 

where we use notations of section [4-l-3\ for , and the notations defined above (just before 
definition 1 5. 9\) for . 

In a more general context we can relate and as follows. 

Proposition 5.24 Let (A^, V) be an affine manifold. Let us suppose that we have some splitting 
TN = V ® 7i, where H, V inherit the names of horizontal and vertical subbundles respectively. 
Then the vertical torsion and the vertical part of the torsion satisfy the following relations 

^VxV ~ ^|VxV "■''^'^ ^|WAV ~ ^|WAV + 

where cr" is the restriction to H A Vof the V -valued 2-form Vq{X, Y) - Vq{Y, X). 
Definition 5.11 The term TZ = F|!^^y will be called the reductivity term. 

Proposition 5.25 Furthermore, in the situation off proposition \ 5.24[ we have the following 
equality: 

T" = ^®n®T^{q-,q-), 
where <I> = RH is the curvature ofH. 

Let X'',Y'' £ C{n). Thenforany / G C°°{N), we have V^^, (/F'') = /V^,.y'* + (X'* = 
/V^^y'* so that Vi^f^Y^ defines a bilinear map from TixTi. into V. Let ^' be its skew-symmetric 
part: ^{H^H^) = V\^H2-V^h,Hi. Then we have r^(ili, ) = V^^i/a - V^^ ill - [ill, i/a]" 
i.e. 

^1^X7^ = * + *- 



^''Or to the Hermitian bundle CH, J^, /i|7i) if (A'', _F) is endowed with a (compatible) metric h; see defintion l5.14l 
below for a precise definition of a compatible metric. 
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Proposition 5.26 The following relation holds 

= + e (7^ - a") ® T^{q-,q-). 

Therefore = T" if and only if ^ = Q and = 0, which happens in particular if Ti is 
W -parallel. 

The /-connections and their torsion. Let us come back to the case of a /-manifold (A^, F). 

Definition 5.12 An affine connection V, on a f -manifold {N, F), which preserves the f -structure, 
i.e VF = 0, is called a f -connection. 

Proposition 5.27 Let (A^, F, V) be a f -manifold endowed with an affine f -connection. Then 
the torsion T satisfies the following identity 

T{FX, FY) - FT{FX, Y) ~ FT{X, FY) - PT{X, Y) = -Nf{X, Y) 

Corollary 5.4 Setting Njn — Np^.j_^^^, the torsion T (of a f -connection V on a f -manifolds 
{N, F) ) satisfies the following identities: 

T'^{J'^X^,Y") - j'^T'^iX'^Y") = -J'^nP{X^,Y") = - ([J■"X^y'']^ - J'^[X^,Y"]'^) 
T'^{X\J^Y'') - J^T^iX^Y'^) = -J^NP{X\Y'') = - {[X\J^Y^]'^ - J«[X^y'']«) 
T^{X^,Y^) = -N^{FX'',FY'') = <PiX,Y) 

where X,Y E C{TN). Consequently, the following component of the torsion T^^^, Ty^^^, 



are independent of V . 



Now, we want to find a necessary and sufficient condition on the torsion T for V to be a /- 
connection. To do that we need to introduce h on N. Moreover, we will first begin by caracterize 
the connections which preserve the decomposition TN = HOV, then in a second time we will 
introduce the additionnal condition that the induced connection on Ti. preserves the complex 
structure 

Let us define some notations. In the following, since a metric is given we use the convention 
defined in section ISXTl each TiV-valued bilinear form on TV, B e C{T*N <g)T*N (^TN), will be 
identified (via the metric h) with the corresponding trilinear form. Moreover, we denote by flA 
the bilinear form associated (via the metric h) to an endomorphism A S C(End(rA^): 

nA{X,Y) = {A{X),Y), yx,YeTN. 

Then, under our convention, for any endomorphism A e C{TN), V'^A is identified to V'Ti^i. 
Moreover, we set 

Sym(B)(X, Y) = B{X, Y) + B{Y, X), VX, Y £ TN, 
for all B e C(T*N (g) T*N (g) TN). 

Furthermore, let Ei,E2,E^ be vector bundles over TV, then we set also S{Ei x x E^) = 
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S Ei Ej ® Ek, where we do a direct sum on the circular permutation of 1,2,3. 

Finally, to avoid any risk of confusion of the index "ft," denoting the metric in the notation of the 
Levi-Civita connection V'', with the same index in the notation for the horizontal component 
X'^ of a vector X £ TN, we will denote momentaneously the Levi-Civita connection by D: 

D V'\ 



Theorem 5.16 Let {N,h) be a Riemannian manifold with an orthogonal decomposition TN = 
7i © V. Then a metric connection V leaves invariant this decomposition (i.e. Ti. and V are 
V -parallel) if and only if its torsion T satisfies 

and 

In particular, the components Sym^j^^,^ {T\vxnxH} o,nd Symy^y {TinxVxv) independent of 
V. 

Proof. According to remark [5^ we have D — V — A = W — ^{T + U) . Therefore Vg = if and 
only if 

Dq=-[A,q]. (107) 

But {[A,q]{X,Y),Z) = ^(X, r^ F, Z") = A{X'' , Z'')+A{X'" , Z'')-A{X'\Y'' , Z'")- 

A{X'" , , Z^'), and according to the characterization of the Levi-Civita connection: 

-2{{Dx>^q)Y'\Z'') = 2{Dx>^Y'\Z'") = -Z" • {X^ ,Y^') + F'*], Z") + {[Z",X%Y^') + {X'' ,[Z' 
= -^X'', Y'\ Z'") + {-Dz^X'' + [Z\ X'\Y^) + {-Dz^^Y^ + [Z\Y%X^) 
= -^X'',Y'\Z'") - {Dx>^Z\Y'') - {Dyt^Z^X'') 

= -<i>{x''\ y'\ z'") - DUqix^, z^ y'^) - D^qiY'', z\x^) 

= -<i>(X^ Y\ Z^) - Sym^^^iDn,{X\ Y\ Z"). 

In the last Hne we have used the fact that D^lq is symmetric w.r.t. the two last variables (since 
g is a symmetric projector). Therefore the condition (|107p restricted to 7i x 7i x V is written 
(r + [/)|,^x-Hxv = ^ + Sy™wxw(^^g|-Hx-Hxv)' ^^^^ Identifiylng respectively the 

symmetric and skew-symmetric part (w.r.t. the two first variables) of the two hand sides of this 
equality respectively, we obtain 

T\Hxnxv = * and Sym^^xw {T\vxnxn) U\nxHxv = Sym^xw (^^?|wxwxv) • (10^) 

Moreover, since D^lq is symmetric w.r.t. the two last variables and A is skew-symmetric w.r.t. 
these two last variables, we see that the restriction to H x H x V and to H x V x H of 
the condition (jlOTp are in fact equivalent. Furthermore, we have {{D q)Y^ , Z'^) — and 
([^,g](X'',r''),Z'') = 0. Therefore, the restriction to S{rL x H x V) of the condition (fTOTl) is 
equivalent to (|108p . 



= Sym. 
= Symy^y 



■Hxn y^^iivxHxn) 



<i\HxVxV 
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Proceeding in the same way as above, we obtain that the restriction to 5(V x V x 7Y) of (|107p is 
equivalent to 



T\vxVxH — R-v and Symy^v {T\hxVxv) — Symy^y {^D^q\-HxVxv 

Finally, we have {{Dxhq)Y'' , Z'') = = {[A, q]{X'\Y''), Z'') and ((L>x"(?)y^ Z") = = 
{[A, r^), Z"). This completes the proof. □ 

Now, let us see under which condition on the Riemannian manifold, there exists a connection 
preserving the splitting and with skew-symmetric torsion. It will turn out that the existence of 
a connection preserving the splitting and of which the horizontal component of the torsion T^-^i 
is skew-symmetric does not imposes any condition on the Riemannian manifold {N, h) , but the 
skew-symmetry of the other components T\s(HxHxV) and T\s{VxVxH) imposes constraints on 
the Riemannian manifold. 



Corollary 5.5 Let {N, h) he a Riemannian manifold with an orthogonal decomposition TN — 
Ti© V. Then, the following statements are equivalent 

(i) There exists a metric connection V leaving invariant the decomposition TN = T-L®V , such 

that the following component of the torsion T\s(jiy(-]-^x^^ is skew- symmetric, i.e. T^sCHxHxV) = 
Skew($). 

(ii) For any metric connection V leaving invariant the decomposition TN = © V, the compo- 

nent of the torsion T\s(nxnxV) '■5 skew- symmetric. 

(iii) ^^ij|-^xHxV skew- symmetric w.r.t. the two first variables , i.e. Dgi^^w ^ C((A^TY*)® V), 
or equivalently Di}q{P-,P-,q-) = 

(iv) -Dilgj^^yx-^ is skew-symmetric w.r.t. the first and third variables, i.e. DQ,q{PX,qY, PZ) = 

-i$(z,x,y). 

(v) Skew(Df],|5(^^^^y)) =0. 

We will then say that {N,q, h) is of type H^V. 

Corollary 5.6 Let {N, h) be a Riemannian manifold with an orthogonal decomposition TN = 
Ti© V. Then, the following statements are equivalent. 

(i) There exists a metric connection V leaving invariant the decomposition TN — H (SV, such 

that the following component of the torsion T^s(^);xVxn) is skew- symmetric, i.e. Ti^siVxVxH) = 
Skew(Rv). 

(ii) For any metric connection V leaving invariant the decomposition TN = Ti © V, the compo- 

nent of the torsion Tjsc^JxVxW) is skew- symmetric. 

(iii) Dflq^^^y^^ is skew- symmetric w.r.t. the two first variables, i.e. Dq^^y^^ G C((A^V*) (8)Ti), 
or equivalently DVlq{q-,q-,P-) ~ —^RV. 

(iv) ^^^g|yx-Hxv skew- Symmetric w.r.t. the first and third variables, i.e. Dilq{qX, PY,qZ) = 
lRviZ,X,Y). 

(v) Skew(Dr!,|^(y^y^„)) =0. 
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We will then say that {N,q, h) is of type V^Ti. 



Proof of corollary 15.51 and 15. 6L We have seen in the proof of theorem l5.16l that for any metric 
connection V, we have Vrig|^3 — and V17q|y3 = 0, so that we have Vq = if and only if 
'^1\s{HxHxV) — ^'^d Vg|5(yxvxW) — 0, which is equivalent respectively to the conditions on 
TisinxHxV) = and T\s(^^xVxH) = respectively, described by theorem 15.161 In particular, 
we see that there always exists metric connection V leaving invariant the decomposition of 
TN, which provides us the implication (ii) ^ (i). Moreover, a necessary condition for (i) is 

SyniT^xw {^^q\vxnxn) = 0' respectively Symy^v {^^QinxVxv) = 0- Conversely if this 
condition is satisfied, then according to theorem 15.161 (ii) is also satisfied (since T € T, then the 
skew-symmetry of T\s(nxnxV) (resp. T\s(vxVx-h)) is equivalent to Sym^^H {T\vxnx-H) = 0, 
resp. Symy^y {T\nxVxv) ~ 0). Therefore we have proved the sequence of implications (ii) 
(i) =J> (iii) (ii), i.e. (i), (ii) and (iii) are equivalent. Concerning the equivalent reformulation 
of (i) and (iii) , the former follows from theorem 15.161 and the latter from the fact that according 
to the proof of theorem 15.161 the skew-symmetric part (w.r.t. the two first variables X, Y) of 
(resp. D^q^y^y^y) is i$ (resp. —^RV). The equivalence between (iii) and (iv) 
follows from the symmetry of Dftq w.r.t. the two last variables. Finally, using the computation 
done in the proof of compute theorem 15.161 we can compute 

Skew (i?f^,|5(«xwxv)) ^ I (Skew($) + Skew(C/(P., P-,q-))) - i (Skew($) - Skew(C/(P., P-,q-))) 

^ Skew([/(P-,P-,g-)) 

and idem for S{V xVxH). This completes the proof □ 

Remark 5.15 According to the previous proof, we see that if {N, q, h) is of type Ti^V, then for 
any extension T g C(T) of the skew-symmetric trihnear form Skew($) € C {S{H* x H* x V*)), 
the corresponding metric connection V satisfies '^<l\s{nxHxV) ~ ^- ^he same way, if {N, q, h) is 
of type V^H, then for any extension T £ C{T) of the skew-symmetric trilinear form Skew(PV) G 
C (5(V* X V* X H*)), the corresponding metric connection V satisfies ^q\s{vxVxH) = 0- 

Definition 5.13 We will say that the (orthogonal) decomposition on the Riemannian manifold 
{N,h) is reductive (w.r.t. the metric h) or that {N,q,h) is reductive if {N,q,h) is of type 
Ti?V and of type V^Ji. This is equivalent to say that there exists a metric connection V leaving 
invariant the decomposition TN = 7i ® V, and with skew- symmetric torsion. 

Proposition 5.28 {N, q, h) is reductive if and only if the trilinear map 
is skew- symmetric. 

Proof. An element a G C{n* ® U* ® V*) satisfies Skew(a) G C{K^n*) A V*) if and only if 
a{X'',Y'\ Z^) is skew-symmetric w.r.t. {X'\ ¥''). □ 

Proposition 5.29 Let {N, q, h) he a reductive Riemannian manifold. Let us suppose that is given 
some metric connection on V. Then there exists a metric connection V on N preserving the 
decomposition TN = V(S'H, with skew- symmetric torsion, and which coincides with on V if 
and only if 

(£>"-V'=)(X^y^Z^) = -iRy(y",Z",X'*) and (£»" - V")|y3 e C(A3v*). 
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Proof. Let us suppose that such a metric connection V exists. Then we have D — \7 — 
\T and thus (D" - V^)|v3 € C{h?V*) and [D" - V=)(X'', F", Z^) = -]^T {X'\Y\ Z'') = 

~^T{Y'',Z'',X'') = -iRv(r^,Z",X'*), since T is skew-symmetric and V leaves invariant the 
decomposition of TN. 



Conversely, if satisfies the above conditions , then let /3 G C{A^H*) and a 
C(A^V*). Let us consider the 3-form 

T = /3 ® Skew($) ® Skew(Rv) ® a, 



V3 G 



as well the corresponding metric connection W = D + ^T. Then, since {N, q, h) is reductive, 
according to theorem l5.161 V preserves the decomposition of TN. Moreover, by definition of V, 
we have (V — V^)TAfxVxv = 0. This completes the proof. □ 

Let us add the following characterization of the type V^H in term of the vertical torsion of the 
Levi-Civita connection. 



Proposition 5.30 Let {N, h) he a Riemannian manifold with an orthogonal decomposition TN = 
H ® V. Let T^ be the vertical torsion of the Levi-Civita connection. Then, {N,q,h) is of type 
V^Ti. if and only if 

Symvxv(^iwxvxv) = 0. 



-{D^hV2~[H,V2Y',Vi) 

{DhV2-[H,V2],Vi) 



Proof Let H eH,Vi,V2 eV. Then 

T''{H,Vi,V2)+T-{H,V2,Vi) = {D^Vi - [H,Vi]\V2) 

= {DhVi ~ [H,Vi],V2) ^ 

= {Dv,H,V2) + {Dv,H,Vi) 

= Sym^,^{DP)iVi,H,V2) = Symy,^{DP){Vi,V2, H) 

= -Sym^^y{Dq){V,,V2,H). 

Then we completes the proof by applying corollary 15.61 □ 



Now, let us come back to the case of a /-manifolds. Then the condition VF = is equivalent 
ot the fact that V leaves invariant the decomposition TN = 7i © V and moreover V«J« = 0, 
where is the connection induced by V on TC. In some sense, we have to add to the conditions 
of theorem 15.161 those of theorem as well as the condition Vy = 0. 

Definition 5.14 We will say that a f -structure F and a metric h on a manifold N are compatible 
if H -L V and if is an orthogonal complex structure on Ti endowed with the metric induced 
by h. This is equivalent to say that I — J'^ ® Idy is orthogonal: I*h = h. We will then say that 
{N,F,h) is a Riemannian f -manifold. 

Theorem 5.17 Let {N,F,h) be a Riemannian f -manifold. Then a metric connection V pre- 
serves the f -structure F if and only if all the following statements hold: 



Vf7 







N 



F\S{HxnxV) 



= 



4(r|^3)°-^ andS {M''" - M''' 



F\nxnxv 

F\HxVxH 



llSinxHxV) 



FlVxHxH 



= 



^^F\S{VxVxH} — 



^^9|5(VxVx-H) ^ ^ 
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Proof. We first notice that WnpiX'^Y'' , Z") = {{V xf^F)Y'^ , Z") = {V x'^{FY''), Z'') = 
-Vnq{X'',FY'',Z''). Therefore Vf^FiwxWxv = ^ ^^^twxWxv ^ 0- I" ^^^'^ ^a^' 
V^lpiHxVxn = ^^q\HxVxH ~ ^- Therefore, according to the proof of corollary 15.51 we 
have proved the equivalence between the two boxes. 
Now, let us compute 

T{X\FY'', Z^)+T(X'", Y'\ FZ^) = (Vx" {FY^)-V FY'-X" , Z'') + (Vx"l'''+VyhX''-[X^ Y%FZ^) 
^ VilpiX^ Y^\ Z'') - Vnq{FY'\ X^ Z'') - Vng{Y'\ X'", FZ'') + Nf{X\ Y'\FZ'') 

so that if VOq|^^.^^.^^yj = then we obtain the equivalence (VJIfivxWxw = 0) <^4> {T{X'" , FY'^' , Z'^)+ 
TiX", Y^, FZ^) = N{X'",Y^,FZ^). 

We have also to compute that VVIf{X'' ,Y'" , Z''') = {{V x-F)Y'' ,Z^) = - {FV x-Y'' , Z''') = 
S/q{X\ Y'',FZ^), also that VVIf{X\ Y^ , Z") = -Vg(X^ i^F'*, Z"), and that VVIf{X^, Y"" , Z"") = 
0. Therefore, according to the proof of corollarv [5.6[ we have proved the equivalence (V51f|5(vxVx-h) = 

Furthermore, we can prove the following formula (see section [721) generalizing equation (|103p : 

2DnF{x, Y, z) = driFix, Y, z) - driFix, fy, fz) + n{y, z, fx) 

+ FZ, X) + $(Fr, z, X) - fy, z) - ^{fz, x, y) 

+ Symyxv(Vf7j;^|vx-Hxv) + Symyxv(V^F|vxVxw)- (109) 

We deduce from this, that 

2DnF{x'\ y'\ z^) = dnF{x^,Y^, z'^) - dnF{x^,FY^, fz^) + n{y^, z^\ fx^). 

Moreover, Vil|-H3 — if and only if 

DnF\n^^-\{T + U)\n^. 

Therefore, we can proceed as in the proof of theorem 15.131 to prove the equivalence concerning 
the restriction to Ti,^ . This completes the proof. □ 

Further, we are interested by metric /-connections with skew-symmetric torsion. As we have done 
above we have to study first the condition of skew-symmetry on each component of the torsion 
and then to group all the obtained conditions to obtain a global condition on the Riemannian 
/-manifold for the existence of metric /-connection with skew-symmetric torsion. 

Deflnition 5.15 Let {N,F,h) be a Riemannian f -manifold. We define the extended Nijen- 
huis tensor Nf as the TN -valued 2-form on N (whose corresponding trilinear map is) defined 
by 

Nf ■■= Nf-^^ + Rv{Z'",X\Y'')+Rv{Y\Z\X''). 
We remark that NF\s{vxVxn) = Skew(Rv) is always skew- symmetric. 

Proposition 5.31 Let iN,F,h) be a Riemannian f -manifold. Then the following statements 
are equivalent. 

(i) There exists a metric f -connection V (satisfying then VF = 0^ with a torsion T such that 
2^°'^|s('Hx-HxV) is skew-symmetric. 
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(ii) There exists a metric connection V, satisfying V-F|5(7^x-HxV) = 0; ™th a torsion T such 

that T'^''^\S(jixT-ixV) skew- symmetric. 

(iii) Nf{FY^,Z'',X'') + Nf{Y'',FZ'',X'') = Nf{X'" ,Y^\FZ^). 

(iv) The extented Nijenhuis tensor Np satisfies: -/Vj7|5(--^x-HxV) '■^ skew- symmetric. 

Proof. Since the condition "T^''^ \s{n>c'HyiV) is skew-symmetric" concerns only the subspace 
iS(7i X 7i X V), then (i) and (ii) are equivalent. Moreover, we have 

^F|5(Wx-Hxv) = Np\s(nxH-KV) - Nf{F-,F-, q-) 

(according to the definition of Np and proposition I5.2ip . and this equality gives easily the 
equivalence between (iii) and (iv). Now, it remanis to prove the equivalence between (i) and (iv). 
Let us first recall that 

_4(y0.2) p,^^,^ ^ TiF;q;F-) + T{q;F;F-) - T 

Let us suppose (i). Then we have according to proposition l5.271 that T{F-, F-, q-)+T{F-, q-, F-) + 
T{q-,F-,F-)-T{-,-,P-) = -Nf and thus 

-4r°^2 ^ _ ^ _ ^ _ y^^^ „ T|(VAW)0V 

and hence -4T|^(^^^^^^ = -^f|schxWxV), which implies (iv). 

Conversely, let us suppose (iv). Then we have to construct a 3-form T\s(nxnxV)j on 5(7Yx7Yx V), 
which satisfies — 4r|^^^^^^y^ = —NF\s{nxHxV} and the following conditions of theorem 15.161 

T\nxHxv = ^ Sym^x-H (^ivx^xw) = Sym^^-H {J^^i\vxHxh) 

To do that, let us set T^vxnxn = S + A, where S,A are resp. symmetric and skew-symmetric 
w.r.t. the two last variables. Then we have to find S, A, such that 

5 = Sym„xw {D^q\vxnxn) 
-A{Y",FX'',FZ'') + A{X'",FY'\FZ'') + A{Y",X'\Z'') - A{X\Y^,Z'^) = 
-^{FX^, FY^\ Z-") - NF\s(HxnxV){X, F, Z) + S{Y\FX^, FZ'^) - S{X\FY^,FZ^) - X'' 

+S{X\X^, Z^) + S{X'',Y^, Z^). 

We then see that there always exist such maps S and A satisfying these equations. This completes 
the proof. □. 

Proposition 5.32 Let {N,F,h) be a Riemannian f -manifold. Then the following statements 
are equivalent. 

(i) There exists a metric f -connection V (satisfying then VF = 0^ with a torsion T such that 

F\s{HxHxV) skew- symmetric. 

(ii) There exists a metric connection V, satisfying VF|5(7^x-HxV) = 0; «' torsion T such 

that T\s(HxnxV) is skew- symmetric. 

(iii) {N,q,h) is oftypeH^V, and NF\s{nxHxV) is skew-symmetric. 
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Furthermore, under these statements, for any such connection satisfying (i) or (ii), then T\s(nxnxV) 
is unique (i.e. uniquely determined by the Riemannian f -manifold {N,F,h)) and equal to 
Skew(<i>). Conversely, any extension T e C(T) of this unique skew- symmetric trilinear form 
Skew(<i>) defines a metric connection V, satisfying V F\s{nx'HxV) — 0- 

Proof, (i) and (ii) are equivalent for the same reason as in the proof of the previous proposition. 
Moreover, (i) and (iii) are equivalent according to theorem 1 5 . 1 71 and corollary 15.51 Moreover, by 
skew-symmetry and theorem 15. 16[ we have T\s(Ti.xnxV) = Skew(<i>). This completes the proof.D 

We are led to the following definition. 

Definition 5.16 We will say that a Riemannian f -manifold {N, F, h) is reductive if {N, q, h) is 

reductive, where q is defined by F. 

We will say that a Riemannian f -manifold {N,F,h) is of reductive type Gi «/ ^f|5(-HxWxV) 'is 
skew-symmetric. 

Now, let us turn ourself on the horizontal component of TN^. 

Definition 5.17 We will say that a Riemannian f -manifold is horizontally of type Gi or that 
it is of horizontal type Gi if one the following equivalent statements holds. 

(i) The horizontal Nijenhuis tensor Njn is skew-symmetric. 

(ii) There exists a metric f -connection V, such that (T|^3)'''^ is skew-symmetric. 

(iii) There exists a metric connection V, satisfying VF|^3 = 0, such that (T|^3)"-^ is skew- 
symmetric. 

Proposition 5.33 Let {N,F,h) be a Riemannian f -manifold. Then the following statements 
are equivalent. 

(i) {N,F,h) is horizontally of type Gi- 

(ii) There exists a metric f -connection V, such that TyH^ is skew- symmetric. 

(iii) There exists a metric connection V, satisfying VF\n3 = 0, such thatT^ni is skew- symmetric. 

In this case, for any such connection satisfying (i) or (ii), then Tyh^ is unique (i.e. uniquely 
determined by the Riemannian f -manifold {N, F, h) ). Conversely any extension T G C(T) of this 
unique skew- symmetric trilinear form Tj>^3 defines a metric connection V, satisfying VF|>^3 — 0. 

Proof, (ii) and (iii) are equivalent for the same reason as above. Furthermore, according to 
theorem I5.17[ if VF|^3 = and T|^3 is skew-symmetric, then Nj-h = 4(T|^3)°'^ is also skew- 
symmetric (according to corollary [5l2] applied to the Hermitian bundle (7i, J^, /i-h)) and moreover 

— (T|^3)** = ((i'^f2j^|^3)(+\ which proves the unicity of T|^3. 

Conversely, if (i) is satisfied, then let T € C(T) such that (r|^3)°'^ = jNjn, {T^^^s)** = 

— (d'^17i?|-H3)(+), and the other components being arbitrary. Then T^-^s is skew-symmetric, and 
the corresponding metric connection V satisfies X/flp^-^i — 0, according to theorem 15.171 This 
completes the proof. □ 

Now, let us regroup the previous results to conclude. 

Definition 5.18 A Riemannian f -manifold {N,F,h) with skew- symmetric extended Nijenhuis 
tensor Np will be sayed of global type Gi or globally of type Gi • 
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Theorem 5.18 A Riemannian f -manifold {N, F, h) admits a metric f -connection V with skew- 
symmetric torsion if and only if it is reductive and of global type Qi . Moreover, in this case, for 
any a € C(A'^V*), there exists a unique metric connection V with skew- symmetric torsion such 
that T|A3v = a. This unique connection is given by 

T ^ {-d^np + Nf\h^) + Skew($) + Skew(Rv) + a. 

Proof. The first assertion follows from propositions 15.331 15.321 theorem 15.171 corollary 15.61 and 
remark [5.15l Then in this case, T|-^3 is entirely determined, according to proposition [5j33l More- 
over, by skew-symmetry and theorem 15.161 we have T^sCHxnxV) = Skew(<i>) and Ti^cvxWx-h) = 
Skew(Rv). Now, let us determine 2^1-^3. Since, V = D + ^T, the equation VF = can be written 

DnF + ^{T{-,F;-)+T{;;F-)) 

SO that 

dQp = -F (J)T 

and thus dnpin^ = -J" OT\h^ = 4J^ • (T|^3)— - • T|«3 • Njn - • T|^3. This 

completes the proof. □ 

Definition 5.19 On a Riemannian f -manifold {N,F,h), a metric f -connection V with skew- 
symmetric torsion will be called characteristic connection. 

Corollary 5.7 Let {N,F,h) be a reductive Riemannian f -manifold of global type Gi- Let us 
suppose that is given some metric connection on the vertical subbundle V. There exists a 
metric f -connection V on N with skew symmetric torsion, which coincides with on V if and 
only if 

V^)(X^y^Z") =-iRv(F",Z",X'') and {D'' ~ e CiA^V*). 

In this case this connection V is unique and will be called the characteristic connection extending 
or defined by V^'. 

Remark 5.16 In other words, in a reductive Riemannian /-manifold of global type Gi, the set 
of metric connection on the vertical subbundle V which can be extended to a characteristic 
connection, is the affine space 

Proof of corollary 15. 7L This follows immediately from the theorem l5.18l the proposition 15.291 
and the theorem 15.171 □ 

Proposition 5.34 Let {N, F, h) be a reductive Riemannian f -manifold of global type Gi- Let V 
be some characteristic connection on N . Then the we have 

dflF = -F (3T = F ■ Nf - F - T - F (3{T,hah^v + Tivavah) ^F-Np-F.T. 



Proof. We have seen (in the proof of theorem lS.lSp that di^F — (3T, and that {—F G)T')|^3 — 
F ■ Np — F -T, moreover we have {—F C5T)|y3 = 0, by defintion of the action F (3. This completes 
the proof. □ 
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5.4.2 /-connections on fibre bundles 

Here, we consider the case where the vertical subbundle is the tangent space of the fibres of a 
fibration (or more generally a submersion) tt: N ^ M, i.e. V = kerc?7r. Let us first remark that 
in this case Ry = 0, which leads to immediate simplifications in the preceding results. 

Proposition 5.35 Let it: (N, h) i— > (M, g) be a Riemannian submersion, over which we consider 
the natural orthogonal decomposition: TN = V ® 7i, where V = kerdTr and H — V^. Denote 
by D and respectively the Levi-Civita connections of {N,h) and {M,g), respectively. Let 

D9 be the connection on Ti. defined by the lift of : Dj^B — {dTr\n)^^{D^iT^,{B)) £ Ti. for all 
A,B e C{TN). 

Let us suppose that {N,q, h) is of type V^H. Then the horizontal component of the Levi-Civita 
connection in N is related to Ds by the following formula: 

{DaB, H) = {D\B, i/) + i (cf>(A, B") + <^>{B, H, A")) 

forall A,B e C(TN) and H eC{n). 
Proof. Let us set 

S^''{A,B) ^t:,{D\B) - D\{t:,B), \fA,BeC{TN). 

Then it is easy to see that S'^ is in fact a tensor, i.e. 5*^ G C{T*N (g> T*N (g) tt*TM). Let 
A,Bg TN and H G 7i, and let us extend these to vector fields, denoted by the same notations, 
such that the horizontal components of these extension are projectible: there exist vector fields 
A, B,H on M such that 

TT^A = Ao TT, TT<,B — B O TT, TT^iJ = H O TT. 

Using the fact that /i|>fxw = ^*) the characterization of Levi-Civita yields: 

2{S^'{A,B),TT,H) = 2h{D\B,H)-2g{D\{B),H)on 

= A.h{B'^,H) + B.h{A^,H)-H.h{A,B)+h{[A,B],H) + h{[H,A],B) + h{[H,B],A) 

- {A.g{B, H) + B.g{A, H) - H.g{A, B) + g{[A, B],H)+ g{[H, A],B) + g{[H, B],A)) o tt 

= -H- {qA, qB) + {q[H, A] , qB) + {q[H, B] , qA) 

= -{V'k{qA),qB) - {qA,V'kiqB)) + (q[H,A],qB) + {q[H,B],qA) 

= {T"{A, H),B'') + {T%B, H),A'') 

- -Sym^^y{T^^^^,^){H, A\B^) + -^{AKH, B") + -^{BKH, A^) 

where we have used in the last line T^^^^^ — (f> (see proposition I5.25p . We conclude by using 
proposition 15.301 This completes the proof. □ 

Proposition 5.36 Let tt: {N,h) {M,g) be a Riemannian submersion, with the same nota- 
tions and definitions as in the previous proposition. Let us suppose that some metric connection 

on V is given, and denote by T'^ its vertical connection. 
Then the vertical component of the Levi-Civita connection on N is given by 

{DaB, V) = (V^B^ V) + ^ {B{A\B'',V) - ^{A'\ B^, V) - K{A^, S^ V) - R%B^, V, A")) 
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where 

B(Fi, 1/2,1/3) = ~T%VuV2,V3) + ViVi, V2,V3) = -T^{Vi,V2, V3) + T%VuV3, V2) + T^(1^2, 1^3, "^^i) 
R-Q = Skwvxv(r|'=„xVxv) ^^"^ = Symyxv(^iwxvxv)- 

Proof. Let us set S^{A,B) = q{DAB) - V\{qB) for all A,B £ C{TN), this defines a element 
^ c{T*N <Si T*N <Si V. Then let A,B £TN and V e V, and let us extend these to vector 
fields, denoted by the same notations, such that the horizontal components of these extension 
are projectible: there exist vector fields A, B on M such that 

Tr^A = AoTr,Tr^B — BoTr,iT^,V = 0. 

Then using the characterisation of the Levi-Civita connection, we have 

2{S''{A,B),V) = 2{DaB,V)-2(W'=^B\V) 

= A- {B'',V) + B ■ {A\V) ~V ■ {A^B"") 

- (A^ [B^ Vr) + {B\ [V, A^) + {V, [A, B^) - 2{y\B\V) 

- V ■ g(7r,A,7r,S) - g{T:^A,TT^[B ,V]) + giir^B ,t:^[V, A]) 

= {V\B^" + V%A'' - 2V'aB'" + [A, BY, V) + {B^V^V - V^A" + [F, A]") 

+ {V'bV -VyB" -[B,vy,A'') 
= {T'iB, A), V) + {T\A, V),B^) + {T^{B, V), A^). 

Then we complete the proof by using proposition 14. II □ 
Remark 5.17 The results of that is that 

2(L» - V'')|7^xVxV = R-a 

2p-V^)|Vx^^xv = KiB\V,A^) 

so that (D — V^)|5(vx-H) = if and only if the reductivity term T^y^-j-^ vanishes, and in this case 
the vertical component of the Levi-Civita connection D is given by 

{DaB, V) = {V\B\ V) + \ {^{A",B\ V) - ^{A\b\ V)) 

and we recover the corresponding relation in homogeneous fibre bundles of theorem 14. 3^ since in 
a homogeneous fibre bundle we have Ty^^y^ = 0. Moreover, we deduce the following. 

Corollary 5.8 The symmetric component of the reductivity term, Symyxv(^|wxVxv)' 
pendent ofV'^ and vanishes if and only if (N, q, h) is of type V^H. Moreover, the reductivity term 
Tjy^^ vanishes if and only if {N,q, h) is of type V^Ti. and (D — V^)|>^xVxv — 0- '^^'^ then 
say that {N,q) is V^-reductive. In particular, if we take — D'" , the restriction to V of the 
vertical component of Levi-Civita, then the D'" -reductivity means that {N,q,h) is of type V^Ti. 

Proposition 5.37 Let it: {N,h) {M,g) be a Riemannian submersion. Let us suppose that 
there exists some metric connection V on V for which iN,q) is "S/"^ -reductive. Then, w.r.t. the 
decomposition TN = 7i© V, the Levi-Civita connection in N admits the following decomposition: 

D\)^ 2\HA''n-) '^{■Y{A-))- 

where iJ) = {B"" ,^{A, H)) . In particular, this decomposition holds for homogeneous 

fibre bundles. 



117 



Remark 5.18 We see that according to this decomposition of Levi-Civita, we have -Dg|-^x-Hxv = 
so that the V^-reductivity implies that {N,q,h) is of type H^V. In particular let us take 
yc _ £)v restricted to V, then the D^-reductivity means that to {N,q, h) is of type V^Ti, and 
thus we see that the type V'^H. implies the type Ti^V. 

Corollary 5.9 Let it: {N, h) ^ {M,g) be a Riemannian submersion, endowed with its canonical 
orthogonal splitting TN — V ®T-L. Then if {N, q, h) is of type V^H then it is also of type H^V 
and thus it is reductive. In particular, if V can be endowed with a metric connection with a 
vanishing reductivity term rjy^^, then {N,q, h) is reductive. In particular, a homogeneous fibre 
bundle is reductive. 

Corollary 5.10 Letn: iN,h) {M,g) be a Riemannian submersion, endowed with its canon- 
ical orthogonal splitting TN = V O H. Let us suppose that Ti. is endowed with an orthogonal 
complex structure, that is to say N is endowed with a Riemannian f -structure compatible^ with 
the previous splitting. 

Let us suppose that there exists some metric connection on V for which {N, q) is -reductive, 
and that T^^3 is skew- symmetric. Then the following statements are equivalent 

(i) There exists a characteristic connection on {N, F, h) . 

(ii) {N, F, h) is of global type Gi ■ 

(iii) The canonical connection can be extended to a characteristic connection. 

(iv) There exists a Hermitian connection on H such that V :— W (B V'^ has a skew- 
symmetric torsion. 

In particular, these equivalences hold when tt : {N, h) ^ (M, g) is a homogeneous fibre bundle 
with a naturally reductive fibre H/K. 

Remark 5.19 In other words, if {N,q, h) is of type V^TL, then the existence of a charateristic 
connection is equivalent to the global type Qi, and in this case, the set of metric connections 
on the vertical subbundle V which can be extended to a characteristic connection, is the afEne 
space 

Proof of corollary I5.10L Since, according to corollary 15.91 , the V^-reductivity implies the 
reductivity, then (i) <^ (ii) according to theorem 15.181 Moreover the equivalence (ii) <;4> (iii) 
follows from corollary [5T71 and remark [5 .171 Finally, the equivalence (iii) (iv) is obvious. This 
completes the proof. □ 

5.5 Stringy Harmonic maps in /-manifolds. 
5.5.1 Definitions 

We have defined the notion of stringy harmonic maps in the context of almost Hermitian mani- 
folds (endowed with an affine connection) and we have seen that it corresponds to a generalisation 
of harmonic maps. Now, we will extend this notion of stringy harmonicity to /-manifolds endowed 
with an affine connection. Indeed, the preliminary study of the maximal determined system done 
in section [274^ leads us to introduce the following generalisation of (stringy) harmonic maps. 

66i.e. kerF = V and ImF = W. 
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Definition 5.20 Let {N, F) be a f -manifold with V an affine connection. Then we will say that 
a map f:L^N from a Riemann surface into N is stringy harmonic if it is solution of the 
stringy harmonic maps equation; 

-T,(/) + (F.T),(/) = 

Definition 5.21 Let (N, F) be a f -manifold with V an affine connection. Then we will say that 
a map f : L ^ N from a Riemann surface into N is ^-stringy harmonic if it is solution of the 
modified stringy harmonic maps equation; 

-r,(/) + (F*T),(/)=0. 

The Linear representations of the curavtures. Using the metric h, we have canonical 
isomorphisms A'^H* = 5o{H) and A^V* = so(V). Let us denote by p G so{H)®V* and a e so(V)(g) 
Ti* respectively, the elements corresponding to $ and Ry respectively under these isomorphisms: 

{p{V)Hi, H2) = {^{Hi,H2), V), H,, H2€'H,V€V, 

and 

{a{H)VuV2) = (Rv(Vi, V2), H), VuV2eV,H&H. 

To do not weigh down the notation, we denote J = J^. Let us introduce the horizontal curvature 
operator : 

R{X,Y)Z = p{^{X,Y))Z. 

as well as its derivation term 

A{X, Y) = R{JX, Y) + R{X. JY) - [J, R{X, Y)]. 

(which vanishes if and only if J is a derivation of ^ hence its name) . We denote by $ = 

the splitting of $ according to the eigenspace decomposition of the endomorphism of A^H* (S) V 

defined by -B 1— > B{J-, J-), i.e. 

J-) = e4>(^\ 

In other words, is the (1, l)-type part of $ whereas (1>(^) is the part of $ of type (2,0) + 
(0,2). Under the isomorphism A'^H* = so{H), to this, corresponds the decomposition p = 
/?+ + p~ , where Jp'^J~^ = ep^, according to the splitting so{H) = so+{Ti) (B 50 -(H) of so{H) 
fohowing its J-commuting and J-anticommuting parts. Then, this beeing done, we can define 
the corresponding curvature operator and antiderivation terms: 

Ri^) =p^($(^)) and A^^^X,Y) = R^'\.JX,Y) + R^'HX,JY) - [J,R'-^\X,Y)]. 

We remark that A(+) = and A^-'>{X,Y) = 2R^-\X , JY) - 2J o Rr {X ,Y) . 

5.5.2 The closeness of the 3-forms F •T and F-kT. 

Let us see under which conditions on a reductive Riemannian /-manifold of global type Qi , the 
3-forms F •T and F-kT defined by one characteristic connection are closed. 

Lemma 5.6 Let {N,F,h) be a reductive Riemannian f -manifold of global type Qi. Let V be 
some characteristic connection on N . Then the following statements are equivalent: 

(i) The 3-forms H = F»T is closed. 
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(ii) The 3-forms H* = F-kT is closed. 

(iii) The horizontal 3-form F ■ Np is closed. 

Proposition 5.38 Let {N,F,h) be a reductive Riemannian f -manifold of global type Qi. Let us 
suppose that one of its characteristic connections, V, has a parallel torsion VT = 0. Then the 
following statements are equivalent 

(i) fiif|«4 = 0. 

(ii) d{F ■Nf)\h^ =0. 

(iii) &x.Y,zHX,Y)Z = {). 

(iv) Sx,y,zA(-)(X,y)Z-0. 

We will then say that J is cyclic derivation of the horizontal curvature. . 

Given B e C{A.^T*N ® H), we denote simply ImB = {B{X,Y) € n,X,Y e TN} C H. In 
particular, wc have ImTVj = Nj{n,n) C H and ImRy = Rv(V, V) C H. 

Moreover, we will also use the notations ker C = {X G H] C{X, •) = 0} and Supp(C) = (kerC)-*-, 
for any CeC(A2W*(g)TAr). 

Proposition 5.39 Let {N,F,h) be a reductive Riemannian f -manifold of global type Gi- Let us 
suppose that one of its characteristic connections, V, has a parallel torsion VT = 0. Then the 
following statements are equivalent 

(i) (i-ff|^2xv2 = 0. 

(ii) d{F-NF)in-^v^=0. 

(iii) Im A^j _L ImRy. 

(iv) ImNj C ker (7, or equivalently ImRy C kevNj. 

(v) The following sum vanishes for all {Vo,Vi, Hi, H2) € x : 

{dnFf'°{H2,H3,Rv{Vo,Vi)) + {jQ^Hi,H2),T^{Vo,Vi)) 

+ 2{{J[p+{Vo),p-{Vi)] + J[p-{Vo),p+{Vi)])H2,Hs) 

+ {{[a{H3), a{JH2)] + HJH^), a{H2)]) Vo, Vi) = 0. 

We will then say that the vertical curvature Ry is in the Kernel of the Horizontal Nijenhuis 
tensor Nj. 

Remark 5.20 Let us remark that if Ry = 0, in particular if we are in presence with a fibre 
bundle, then (iii) holds. 

Proposition 5.40 Let {N,F.h) be a reductive Riemannian f -manifold of global type Qi. Let us 
suppose that one of its characteristic connections, V, has a parallel torsion VT = 0. Then the 
following statements are equivalent 

(i) dH\vxn^ = 0. 

(ii) d{F ■ TVf )yxH3 = 0. 
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(iii) ex.Y^z JNj{p{V)X, Y, Z) = 0. 

(iv) Nj(X,Y,p{V)Z)=0. 

(v) Nj{H,H) ±p{V){n), oreqmvalentlykeTNj±keT<^, i.e. Supp(A^j) ± Supp($). 
We will then say that the 2-forms Nj and <& have orthogonal supports. 

Let us summarize: 

Theorem 5.19 Let {N,F,h) be a reductive Riemannian f -manifold of global type Gi- Let us 
suppose that one of its characteristic connections, V, has a parallel torsion VT = 0. Then 
the horizontal 3-form F ■ Np is closed if and only if the horizontal complex structure J is a 
cyclic permutation of the horizontal curvature, the vertical curvature Ry is in the Kernel of the 
horizontal Nijenhuis 2-form Nj, and the 2-forms Nj and $ have orthogonal supports. 

5.5.3 The sigma model with a Wess-Zumino term in reductive Riemannian /- 
manifold of global type Qi. 

Now, we can conclude with the following variational interpretation of the stringy harmonicity. 

Theorem 5.20 Let {N,F,h) be a reductive Riemannian f -manifold of global type Gi- Let us 
suppose that the horizontal 3-form F ■ Np is closed. Let V be one characteristic connection. 

• Then the equation for stringy harmonic maps (w.r.t. /: L N is exactly the Euler- 
Lagrange equation for the sigma model in N with a Wess-Zumino term defined by the closed 
3-form 

H = -d^F + F ■ Nf- 

• Moreover the equation for -k-stringy harmonic maps f : L N is exactly the Euler- Lagrange 
equation for the sigma model in N with a Wess-Zumino term defined by the closed 3-form 

H* = -driF + ^F ■ Nf- 

5.5.4 The example of a naturally reductive homogeneous space 

Proposition 5.41 Let N — G/K be a Riemannian homogeneous space and g — 60 n a reductive 
decomposition of g. Let us suppose that n admits an AdK -invariant decomposition n = m p, 
defining then a splitting TN = Ti, ®V , where H — [m] and V = [p]. Let us suppose that there 
exists on m an AdK -invariant complex structure Jq, defining then a f -structure F on N. Then 
for any G -invariant metric h for which Jq and the decomposition n = m0p are orthogonal (such 
a metric always exists), {N,F,h) is a Riemannian f -manifold. 

Furthermore, let us suppose that N = G/K is naturally reductive, and that one can choose a nat- 
urally reductive metric h as abov^^. then {N, F, h) is reductive and of global type Qi. Moreover, 
the canonical connection V" is a characteristic connection. 

Proposition 5.42 Let N = G/K be a Riemannian homogeneous manifold endowed with a G- 
invariant complex structure F . Let q — t®n be a reductive decomposition of q, and n = m p 
the AAK -invariant decomposition defined by F. Let f : L ^ N be a smooth map, U : L G be 

^^which means that denoting by G(n), the compact subgroup in GL{n) generated by An(n) := {[adn(X)]n,X G 
n} C g((n), and by (G{n),7o) the subgroup generated by G(n) and lo ■= Jo © — Idp , then (G(n), /o)/G'(n) is 
compact. 
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a (local) lift of f and a — U ^.dU the corresponding Maurer-Cartan form. Then in term of a, 
the equation of stringy harmonicity is written 

1 _ 

d * ap + [at A *ap] + - [Jottm A Q;m]p = 

1 - - - 1 

d * am + [at A *am] ~ - Jo [Joam A Joam]„, + ^ (["p ^ -^oam] - Map A a^]) = 

whereas the equation of -k-stringy harmonicity is written: 

( 1 - 

d * ap + [at A *ap] + -[Joam A am]p = 

< d*am + [at A *am] + ^[Joam A am]m + ^Jq ([^oam A Joam]^ + ["m A am]m) 

1 _ _ 

+ o (["p ^ -^^o^m] - Jo[ap A am]) = 0. 

where Jq is the complex structure on m corresponding to F. 

5.5.5 Geometric interpretation of the maximal determined even case. 

Theorem 5.21 Let us suppose that N = G/K is a (locally) 2k-symmetric space endowed with 
its canonical f -structure F and its canonical connection V°. Then the associated maximal de- 
termined system, Syst(2fc — l,r) is the equation of -k-stringy harmonicity for the geometric map 
f:L^N: (V^)* df + {F *T"){f) ^ oEl 

Moreover, if we consider now that N = G/K is endowed with the f -structure F* :— l)-'i^[mj]ffi 
0[g^], then this system is the equation of stringy harmonicity for the geometric map f : L ^ N : 

(vO)*d/ + (F*.r")(/) = o. 

Theorem 5.22 Let us suppose that N = G/K is a (locally) 2k -symmetric space endowed with 
its canonical f -structure F and its canonical connection V°. Let us suppose that N — G/K is 
naturally reductive and we choose a naturally reductive G-invariant metric h for which t\„ is 
orthogona^^ and thus which is compatible with F. Then {N,F,h) is a reductive Riemannian 
f -manifold of global type Qi. Moreover, the horizontal 3-form F ■ Np is closed. 
Therefore, the associated maximal determined system, Syst(2A: — l,r), is exactly the Euler- 
Lagrange equation for the sigma model in N with a Wess-Zumino term defined by the closed 
3-form 

H* = -d^F + ^F ■ Np. 

Moreover, if we consider now that N = G/K is endowed with the f -structure F* , then the 
previous system is exactly the Euler- Lagrange equation for the sigma model in N with a Wess- 
Zumino term defined by the closed 3-form 

H = -dnF* +F* -Nf*. 



''^Where we have removed the index "g" which precises that the previous terms are computed with respect to 
some Hermitian metric g on L. 
^^See the Appendix. 
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6 Generalized harmonic maps into reductive homogeneous 
spaces 

6.1 Afflne harmonic maps into reductive homogeneous spaces. 

Let — G/K be a reductive homogeneous space and g = t0m a reductive decomposition of the 
Lie algebra g. We use the notations of section [T] (applied to N — G/K instead oi M — G/H). 

Theorem 6.1 Let {L,j) be a Riemann surface and f : {L, j) N be a smooth map, let F: L — > 
G be a (local) lift of u and a ~ F~^.dF . Then the following statements are equivalent: 

(i) / is "S/^ -harmonic for one t e [0, 1]. 

(ii) / is -harmonic for every t E [0, 1]. 

(iii) d * am + [at A *am] = 0. 

(iv) Im {da'„ + [< A a'J + A a'Jm) = 0, G [0, 1]. 

In fact, the tension field t*(/) of f with respect to V* is independent of t E [0, 1]. 

Theorem 6.2 In the same situation as above, the following statements are equivalent: 

(i) / is strongly -harmonic for one t e [0, 1] \ {^}. 

(ii) / is strongly -harmonic for every t £ [0, 1] \ {^}. 

(iii) da'„ + [a^' A <] + iK A a'Jm - 0, Vt G [0, 

(iv) / is -harmonic for one t e [0, 1] and [am A am]m = 0. 

(iv) dax + 21*^^ ^ '^^] = 0, VA e S*^, with ax — X^^a'^ + at + Aa[^. 

Furthermore f is strongly -harmonic if and only if it is \I ^ -harmonic: indeed is torsion 
free. 

Proof of theorem 16.11 The tension field t*(/) of / with respect to V* is given by 

T*(/) = * d/ = *kAF {d* am + [at A*am\+t[am A*am]m) 
— *Ad-F (d * Q!m + [at A *am]) 

(see section[T31(especially equation ^) and section fO)) . This proves the equivalence between (i), 
(ii) and (iii). Then we conclude by remarking that 2Im {Ba'm + [a'l A a'm\) = am + [at A *am] 

and that [a^ A a^Jm — i^l'^m A am]m is real. This completes the proof. □ 

Proof of theorem [6T2I We have for all t e [0, 1] 

a^'a/ = AdF {da'^ + [a'l A a'/^] + t[a'/, A a'Jm) (HO) 
so that the V*-strongly harmonicity of / is written: 

5a; + [a^'Aa:;]+i[a:;AaUm = 0. (5^) 
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Then the imaginary part of 9^ a/ = gives us the V*-harmonicity whereas the real part gives 
us 

dam + [at A am] + t[am A a^lm = (R.e(i)) 

which is nothing but the Hft of the torsion free equation: = 0, where T* = Moreover 

the projection on tn of the Maurer-Cartan equation (on a) gives us the structure equation 

dam + [ac A Qfm] + ^[am A am]m = [MC]m 

which is nothing but (Re(^)) (so that we recover that = 0) but (since it can be written 
((Re(0)) + 5 [am A am]m = 0) it is also the lift of (the /-pullback of) the equation expressing the 
canonical torsion in term of the Lie bracket (see theorem 11.41 or equation (HH)) : 

r° + [,][m]-0. (Ill) 

which combining with the fact that the left hand side of (Re(t)) is the lift of f*T*, gives us back 
T* = (2t-1)[, ][m] (see HI). 

Hence according to (lllOp and [MC]m the strongly harmonicity for one t 7^ - is equivalent to the 

harmonicity (imaginary part) and [am A am]m = (real part (Re(t)) combining with [MC]m)- 
We can also simply say that / is strongly harmonic if and only if / is harmonic and torsion free 
i.e. [am A am]m — according to lfT4|) . This proves the equivalence between (i), (ii), and (iii). 
Now, let us decompose the curvature of a\, with respect to powers of A: 

dax + ^[a), A ax] = A" ^ (dam + [at A am]) 

+ {dat + ^[a{ A a{] + ^[am A am]{) + ^[am A am]m 
A(da;; + [aeAa;;]) 

hence using the fact that a\ is real (i.e. g-valued) 

^ r da'^ + [at A a'm]=0 (5°) 

dax + -[ax A ax] = -i^ I [MC]t 

{ [am A am]m = 

In the last equivalence, we use the fact that (Sm) + {Sm) is the equation dam + [at A am] = 
which combined with [MC]m (above) gives us [am Aam]m = 0. Thus the zero curvature equation 
on ax is equivalent to the strongly V°-harmonicity, i.e. the strongly V*-harmonicity for all 
t E [0, 1] \ {i}. Finally the last assertion is obvious. This completes the proof. □ 

We are led naturally to the following definitions. 

Definition 6.1 We will say that f : L ^ G/K is torsion free if f *T* = for t e [0, 1] \ {i} 
(this equation does not depend ont). 

Definition 6.2 In the situation described by theorem \ 6. 2\ -fiv}. we will say that the g-valued 1- 
form on L, a, is solution of the the first elliptic system associated to the reductive homogeneous 
space G/K, and that the corresponding geometric map f is a geometric solution of this system. 



I [MC] 
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Affine harmonic maps into symmetric spaces 

Now, if we suppose in particular tiiat N is (locally) symmetric, i.e. [m, m] C 6, then all the 
connections V*, < i < 1, coincide. Moreover, if N is also Riemannian then these are equal to 
the Levi-Civita connection. Therefore we obtain: 

Corollary 6.1 The first elliptic integrahle system associated to a (locally) symmetric space N — 
G/K is the equation for V'^ -harmonic maps f:L^N. If N is Riemannian this means that it 
is the equation for harmonic maps f : L ^ N (with respect to Levi-Civita in N). 

6.2 Affine (liolomorpliically) harmonic maps into 3-symmetric spaces 

Let us suppose now that N ^ G/Gq is a (locally) 3-symmetric space. We use the notations 
of section [51 TV is endowed with its canonical almost complex structure J defined by (l26)) . We 
continue here the study begun in 12.3.21 concerning the lowest order determined odd system. 

Theorem 6.3 Let {L,j) he a Riemann surface and f : L ~> N a smooth map. Let F: L ^ G 
be a (local) lift of f and a — F^^.dF. Then the following statement are equivalent 

(i) BaLi + K A + K A a[] = (^i) 

(ii) da[ + K A a[] = (^2) 

(iii) / is holomorphically -harmonic: 

(iv) / is anti-holomorphically V'^ -harmonic: 

(v) f is a geometric solution of the second elliptic integrahle system associated to the (locally) 

3-symmetric space G/Gq: 

dax + ^[ax/\ax]=0, VA G S'\ 

where ax — X^'^a[ + X^^a'_i + uq + Xa'( + A^a"i. 

Proof. The equivalences (i) <S4> (ii) ^ (v) have been proved in 12.3.21 To prove (i) ^ (iii): just 
take the (1, 0)-component in TN^ of (IllOD for t = 1. Idem for (ii) ^ (iv). This completes the 
proof. □ 

Now, additionning theorems 16.31 16.21 15.11 and DroDOsition l5.ll we obtain 

Corollary 6.2 The following statements are equivalent 

(i) / is strongly -harmonic for one t £ [0, 1] \ {i}. 

(ii) / is -harmonic for one t G [0, 1] and torsion free. 

(iii) / is holomorphically -harmonic for one t G [0, 1] and torsion free. 

(iv) / is a geometric solution of the first elliptic system associated to the reductive homogeneous 
space G/Gq. 

(v) f is a geometric solution of the second elliptic system associated to the 3-symmetric space 

G/Gq, and moreover [ai A ai] — 0. 



df 



0. 
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(vi) / is in the same time a geometric solution of the determined odd elliptic systems (Syst(2, r)) 
and (Syst(2,r~i)). 

Now, let us apply theorem 15.51 to the equivalence (iv) <^ (v) of theorem 16.31 

Theorem 6.4 The second elliptic integrahle system associated to the 3-symmetric space N = 
G/Gq is the equation of motion for the sigma model in N with the Wess-Zumino term defined 
by the closed 3-form H , corresponding to the anticanonical almost complex structure —J and the 
canonical connection V°. 

6.3 AfRne vertically (holomorphically) harmonic maps 

6.3.1 Affine vertically harmonic maps: general properties 

Here we generalise the definition of vertical harmonicity for maps from a Riemannian surface 
into an affine manifold. 

Definition 6.3 Let (-/V, V) be an affine manifold. Let us suppose that we have a splitting TN — 
V ®T-L. In other words N is endowed with a Pfaffian system (the vertical subbundle V) and with 
a connection on this Pfaffian system. Let f: {L,b) N be a smooth map from a Riemannian 
manifold {L, b) into N . Then we set 

T^f)^Tn{\7^d-f) = *d^^ *d"f, 

where \'"d'"f is the vertical component of the covariant derivative of df with respect to the 
connection on T* L ® f*TN induced by the Levi-Civita connection of L and V. We will say that 
f is affine vertically harmonic with respect to V or V -vertically harmonic if T^{f) = 0. 

Theorem 6.5 Let {L,j) be a Riemann surface and f: {L, j) {N,V) a smooth map. Then we 
have 

29^" 9^/ = d'^'d"/ + id^" * d^f, 

moreover d^^d^'f = /*r^ where T" is the vertical torsion (see lJl^ and d^^ ^d^'f = r"(/)vol6 
for any hermitian metric b in L. Therefore the following statements are equivalent: 

(i) (VO^av^o. 

(ii) a^''9v = o. 

(iii) (^^) ~ ^' holomorphic local coordinate z — x + iy (i.e. {x,y) are conformal 
coordinates for any hermitian metric in L). 

(iv) / is -vertically harmonic with respect to any hermitian metric in L and vertically torsion 
free: f*T'" = (i.e. r^(^, ^) = for any x,y conformal coordinates). 

We will say in this case that f is strongly V -vertically harmonic. 
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6.3.2 Afflne vertically holomorphically harmonic maps 



Here we generalize the notion of holomorphic harmonicity by introducing a new notion of ver- 
tical holomorphic harmonicity (in the same way that the vertical harmonicity generalizes the 
harmonicity) . 



Definition 6.4 Let {N, V) be an affine manifold with a splitting TN — V©7i as in definition \6.3[ 
Let us suppose that the subbundle V admits a complex structure , which extended by in H 
defines a f -structure on N, which we denotes by . Let us denote by V"' = V^'" ® V"^^ the 
splitting induced by the complex structure . Then we will say that a map f : {L,]^) — > N from 
a Riemann surface into N , is vertically holomorphicaly harmonic with respect to V or "S/ -vert, 
hoi. harmonic if 



0. 



Theorem 6.6 Let (Ljji) be a Riemann surface and {N,V) be an affine manifold with a splitting 
TN = V 7i and a complex structure on V as in the previous definition. Then f : L ~* N is 
y -vert. hoi. harmonic if and only if 

f*T" + rd^^ * dV = 0. 



Proof. The same as this of proposition [5TT1 D 



6.4 AfRne vertically harmonic maps into reductive homogeneous space 

Let G be a Lie group, and K C H C G subgroups of G such that M — G/H and H/K are 
reductive. We use the notations of 14.3.11 (but we do not suppose a priori that the reductive 
homogeneous spaces are Riemannian). 

Theorem 6.7 Let {L, j) be a Riemann surface and f : L ^ N = G/K be a smooth map, 
F: L G a (local) lift of f and a — F~^.dF. Then the following statements are equivalent: 

(i) / is -vertically harmonic for one t G [0, 1]. 

(ii) / is -vertically harmonic for all t G [0, 1]. 

(iii) c? * ttp + [a{ A *ap\ — 0. 

(iv) Im {Ba'^ + [a'{ A aj,] + t[a'^ A a'p]p) = 0, G [0, 1]. 

The -vertical tension field t*^^(/), with respect of V*, is independent of t <E [0, 1]. 
Proof. Setting V*'^ = (V*)^, we have 

r''''(/) = = *AdF(d*ap + [at A*ap]+t[anA*ap]p) 

= *AdF(d * Op + [ai A *a^] + t[ap A *ckp]p) 

since [m, p] c [m, f)] C m 
= ^AAF{d * Q!p + [ae A *Q!p])- 
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This gives us the equivalences (i) (ii) (iii) as well as the last assertion of the theorem. 
Moreover let us compute the complex second derivative: 

Then the equivalence (ii) <J4> (iv) follows from theorem 16.51 For this equivalence, we could also 

remark that [a'p A ap]p = ^ [c^p ^ "^plp the real subspace p and that 2 Im (Ba'^ + [aj,' A aj,]) ~ 

d * ap + [a( /\ *ap]. This completes the proof. □ 

Now, let / : L ^ be an arbitrary map from a Riemann surface into N. Then the (/-pullback 
of the) vertical torsion with respect ot V* is 

f*T*-''' = d^''^ (f f = AdF(dap + [a(.Aap]+i[a„Aap]p) 
= kAF {dap + [at A ap] + t[ap A ap]p) 
= r (TO-" + #A0][p]) 

where 4>: TN [p] is the projection on the vertical subbundle along the horizontal subbundle 
[m]. Therefore 

T*'" = r"''^ + i[0A0][p]. 

Moreover, recall that, according to section 14.3.11 the projection on [p] of the Maurer-Cartan 
equation gives us the homogeneous structure equation (see equations (l66l) . ((65l) and footnote [26)1 

where <& = ~2[^ ^ ^hp] homogeneous curvature form and "0: TN [m] is the projection 

on [m] along [p]. Then we have 

7^*'" = *+ (^-^) [0A0][p]. (112) 

Therefore 

Theorem 6.8 Let us consider the same situation as in theorem \6.7l 

• If f is flat then the strongly -vertical harmonicity and the freedom from torsion, for f, do 
not depend on t, if t G [0, 1] \ { ^ } . 

Moreover T^^"" — ^ so that (if f is flat) strongly vertical harmonicity and vertical harmonicity 

1 

with respect to are equivalent. 

• If H/K is locally symmetric, i.e. [p,p] C i, then Vt G [0, 1], T*-" = <I>. 

In particular, the "S/^ -vertical torsion does not depend on t <E [0,1], and thus neither strongly 
harmonicity does. 

Corollary 6.3 Let us suppose now that N — GjK is a (locally) 2k-symmetric space and that 
M — G/H is the corresponding (locally) k-symmetric space. Then the even minimal determined 
system (Syst(fc,T)) associated to N means that the geometric map f : L ^ N is horizontally 
holomorphic and vertically harmonic with respect to any afflne connection V*, <t < 1. More- 
over the horizontal holomorphicity implies the flatness of f and thus its freedom from vertical 
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torsion (with respect to any connection V*, < t < I). More precisely the (last) equation (Sk) 
of the system means 

i.e. that f is strongly -vertically harmonic, so that its real part means that f is vertically 
torsion free and its imaginary part that f is vertically harmonic. 

The Riemannian case 

Now, let us suppose that M is Riemannian, and then so is N. In other words, we are in the 
situation described bv 14.3. II Let us consider the metric connections in N: 

met 

V* = V° + iB^, 0<<<1 
with = [ , ][n] + and defined by equation Ipj) . 

For any Ad/sT-invariant subspace I C n, we will denote by U' : [ x [ ^ [ the bilinear symmetric 
map defined by 

{V'{X,Y),Z) ^ {[Z,X]uY) + {X,[Z,Y]i) yX,Yel, 
and by U^'l its extension to the subbundle [[] C TN. Then we have in particular 

U^=Ul"l and U = U[Pl 

where, let us recall it, U is defined by (l62l) . 

met 

Now, let us project the definition equation of V * in the vertical subbundle: we obtain VF G 

C{TN), 

met 

Moreover, according to 14.3. 11 we have (j) o B^ = (f)*B — $ so that 

met 

cj){ V V) = W°(I)V + t{(t)*B - $) 
and in particular \fV G C(V), VA e TN, 

met / \ 

Then according to theorem 14.51 and remark HjH it follows: 

Theorem 6.9 • If H/K is naturally reductive, then the connections defined by the restriction 

met 

to V of V , < t < 1, are all (j)- equivalent. Therefore the vertical harmonicity, with 

met 

respect to V * , is the same for all < t < 1 . 

met 

• If H/K is locally symmetric, then all the V < t < 1, coincide in V. In particular the 

met 

strongly harmonicity coincides for all the connections V *, <t < 1. 

met met 

The vertical torsion of V *. We have seen in ll.Gl that the torsion of V * is the same as that 
of V*. Now let us see what happens for the vertical torsion. The vertical torsion with respect to 

met 

V *'^ 

met "iS*, „ 
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lifts into 



d0p + [9t A 9p] + t[dn A 9p]p + t [U'X^n A 



where as usual 9 denotes the Maurer-Cartan form in G. We will prove that the last term in the 
right hand side vanishes. Indeed we have VX, Y,Z E g, 

(u"(Xn,yp),Zp> = ([Zp,x„]„,rp) + (x„,[Zp,rp]n> 

= {[Zp,Xp\p,Yp) + (Xp, [Zp, Ypjp) 

since [p,m] C [f),m] C m, since [p,p] C f) 

(UP(Xp,yp),Zp). 

Then [U'^^n A9p)\^= UP(6lp A 6'p) = 0, because is symmetric. Therefore 

n\et 

T — T*'". (114) 
The metric geometric interpretation. Now, according to theorem 16.91 we can conclude by 

met 

rewriting corollary [63] in terms of the metric connection V * instead of the affine connection V*. 



Corollary 6.4 Let us suppose now that N — G/K is a (locally) 2k -symmetric space and that 
M — G/H is the corresponding (locally) k-symmetric space. Then the even minimal determined 
system (Syst(fc,T)) associated to N means that the geometric map f : L ^ N is horizontally 

met 

holomorphic and vertically harmonic with respect to any metric connection V *, < i < 1. 
Moreover the horizontal holomorphicity implies the flatness of f and thus its freedom from vertical 

met 

torsion (with respect to any connection V *, < i < 1^. More precisely the (last) equation (Sk) 
of the system means 

met 

i.e. that f is strongly V * -vertically harmonic, so that its real part means that f is vertically 
torsion free and its imaginary part that f is vertically harmonic. 

Remark 6.1 In particular for t — ^, we recover theorem 14.121 

Moreover, coming back to the general case (no additionnal hypothesis on the homogeneous space 
N = G/K), we see that the value t — ^, i.e. the Levi-Civita connections, plays a special role 
according to theorem 16.81 and equation (|114p . Indeed for the Levi-Civita connection, we always 

met ^ 

have T 2^'" = $^ so that if / is fiat, the strongly harmonicity and the vertical harmonicity are 
equivalent. 

met 

However, if H/K is (locally) symmetric, then we have G [0, 1], T = T*'" — and we have 

met 

even more, since all the connections V coincides on V. Therefore the special role played by 

met 

the Levi-Civita connection is shared, in this case, with all the other connections V *. 

6.5 AfRne vertically (holomorphically) harmonic maps into reductive 
homogeneous space with an invariant PfafSan structure 

Let N ^ G/K he a reductive homogeneous space and g = 6 m a reductive decomposition of g. 
Let us suppose that m admits an AdiiT-invariant decomposition 

m = m' ©p. 
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Then p defines a vertical subbundle V — [p] and m' an horizontal subundle H = [m'] giving a 
splitting TN = n®V. 

The curvature of the horizontal distribution H is given by 

i?^ = -[V;,^][p] = -^[V'AV][p] 

where ip: TN — > [m'] is the projection on [m'] along [p]. We will set 

$ := R^. 

The vertical torsion of the affine connection V is given by T*'" = and lifts into 

r*^ = dOp + [Oi A e^] + t[e,n ^ Op]p (115) 

= d9p + [9tA9p]+t[9^, A0p]p+t[9pA9p]p. (116) 
On the other hand, the projection on p of the Maurer-Cartan equation gives 

d9p + [9f A 9p] + i[0na' A 9rn']p + [9rn' A 0p]p + ^[9pA 9p]p = 

so that (|116p can be written 

T^" = -^[^m' A 9m']p + {t- i)[9„v A 9p]p + - [^P ^ ^p]p 
which projected in N becomes 

T*.'' = a>+(i-l)[V;A0][p] + (^i-i) [0A0][p]. 
We remark that the values t = ^,1 play special roles. In particular: 

• If [Tn',p]p = {0} then we have T^^" = $. More generally we recover equation l|112p and the 

results of theorem l6.8l (by taking the following values in the notations m := n and m' := m). 

• If [p,p]p = {0} then we have T^'" = 

Now, if the two conditions are satisfied, [m',p]p = [p,p]p — {0}, then we have 

Vte[0,l], T^'" = ^. 

Now let /: (L^Jl) —* N he a map from a Riemann surface into N. Let us compute the vertical 
tension field r*''"(/) of / with respect to V* (and some Hermitian metric 5 in L). In order to do 
that, let F: L ^ G be a lift of / and a — F~^.dF. Then we have 

T*-'' {f) ^ ^d^''" * d" f = *AdF{d*ap + [a(A*ap]+t[arr,A*ap]p) 

= *AdF {d* ap + [at A *ap] + t[am' A *ap]p + t[ap A *ap]p) 

= T°'''(/)+i*[/>A*(r'/')][p] 
= T''^{f)+tTn{[r^,r^]ip]) 

Now, let us consider the Adif -invariant vector subspace 

-{Xem'|[X,p]p==={0}} 
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and let mi be an AdX-invariant supplemenCj of m* in m' 



m = m* © mi. 



Then we can rewrite the V*-vertical torsion in the form 



[p] 



and the V*-vertical tension field (of /) in the form: 

r*'''(/) = r"'''(/)+t*[/>iA*(r0)][p] 
where ipi : TN — > [mi] is the projection on [mi] along [m*] [p] i.e. the [mi] -component of "0. 

Definition 6.5 Let us suppose that N ~ G/K admits an almost complex structure J which 
leaves invariant the decomposition TN ~ V (B H, that is to say the vector space m admits an 
AdK -invariant almost complex structure Jq leaving invariant the decomposition m = m' p. 
Then we will say that 3 anticommutes with the reductivity term [■(/;, 0][p] if 

J[^> = - [lip, 4>]ip] = -[V", J0][p] 

If J anticommutes with the reductivity term then m* is J-invariant so that it admits a J-invariant 
complement mi in m'. 

Proposition 6.1 Let us that N = G/K is endowed with an almost complex structure J leaving 
invariant the decomposition TN = H ® V. For any i^-invariant AdK -invariant subspace [ C m, 
let us denote by respectively the zti-eigenspace o/J|[. Then 3_ anticommutes with the reducivity 
term [tp, 0][p] if and only if 



m'^p± 



C p^ and 



C{0}. 



Ln particular, i/m* = {X G m'| [-'f, p]p = {0}} admits a 3-invariant AdK -invariant complement 
mi, then these conditions are equivalent to 



[m±,p±] cpT and [m±,pT] c{0}. 



Theorem 6.10 Let us suppose that N — G/K is endowed with an almost complex structure 
J leaving invariant the decomposition TN = Ti. (B V and which anticommutes with the re- 
ductivity term [^, (/)][p]. Let mi be a 3-invariant AdK -invariant complement in m' o/ m* = 
{X e m'l [^,p]p = {0}}. Let /: (i, Jl) N be a map from a Riemann surface into N , F: L ^ 
G a (local) lift of f and a = F^^.dF. Then if f is flat, /*$ = 0, and [mi]-holomorphic then the 
following statements are equivalent: 

(i) / is vert. hoi. harmonic w.r.t. and 3 : 

(ii) / si vert. hoi. harmonic w.r.t. and — J ; 

^^Such an Ad/f-invariant supplement always exists if m admits an Ad/f-invariant non degenerated inner prod- 
uct, which is always the case for example if g is semisimple (take the restriction to m of the Kiling form). 



= 0. 



= 0. 
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Moreover if [p,p]p = {0}, then these are also equivalent to 
(iii) / is vertically harmonic w.r.t. V^. 

Furthermore (if [p,p]p — {0} and f is flat) f is -torsion free so that -vertical harmonicity 
is equivalent to strongly -vertical harmonicity. 

Proof. The V^-vertical holomorphic harmonicity is written 

/*ri^" + jd^'^d"/ = (117) 

but f*T^^- = ^f*[^ A and /*T0'" = -[/> A /*</)] [p] - A ^][,] whereas 

d^'-" * d-/ = dV°- ^ ^vj. ^ j^*^ ^ (*/*0)][p] 

so that 

j*j.i,v ^ j^v^."^ ^ 1 ^ ^ j^v°-^ ^ ^ (*r<^)][p]. (118) 

Now let us use the fact that J anticommutes with [ip, 0][p]: 

J [/> A *(/*</>)] [p] = -[J(r^i) A *(/*</>)] 

= [*{f*ipi) A *(/*(/i)] because / is [mi]-holomorphic, 

= [r^iAr<^] = [r^Ar0]. 

Therefore, injecting this in l|118p . we obtain 

/*ri^^ + jd^''% d"f = - (^/*T°'" - id^°'\ d"f^ . 

This proves the equivalence (i) (ii). Now, if we suppose that [p,p]p — {0}, then f*T^'^ = 
0. Therefore the V^-vertical holomorphic harmonicity (11171) is equivalent to the V^-vertical 
harmonicity * d^'f — 0. This completes the proof. □ 

Now, let us see how the vertical holomorphic harmonicity is written in terms of the Maurer- 
Cartan form a of a lift F of / : L ^ N. 

Proposition 6.2 Let us suppose that N = G/K is endowed with an almost complex structure J 
leaving invariant the decomposition TN = H(SV. Then /: L ^ N is vert. hoi. harmonic w.r.t. 
V'^ and — J if and only if 

da'^+ + [«( A ap+] = 0. 

Moreover, if 3 anticommutes with the reductivity term [-0,0] [pj and m, admits an AdK -invariant 
3_-invariant complement m.i mm', then a [mi] -holomorphic map /: L N is vert. hoi. harmonic 
w.r.t. and 3 if and only if 

da'^+ + [aj,' A a^+j + 

Now, let us suppose that N = G/K is a (locally) {2k + l)-symmetric space, then the AdK- 
invariant decomposition m = m' ® p is given by p = trifc and m' = ffi^+i tn^ with the notations of 
12.1.21 Moreover according to the commutation relations [flf ,0j] C flf+j, we have 

m,^{Xe m', [X,p]p ^ {0}} = ©)'Z>j 



a" - A a' 
m, p 
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so that mi is an AdGo-invariant supplement to m*. Moreover N is endowed naturally with its 
canonical almost complex structure J defined in 12.1. 2[ which leaves invariant all the and 
thus the subspaces mi, m*, p. Furthermore, using once again the commutation relations, one 
can see that J anticommutes with the reductivity term [^J, 0][p]. Finally, let us remark that 
[p,p]p — [mfc,mfe]p = {0}. Now, the theorem 16. 101 can be applied. 

Corollary 6.5 Let us suppose that N = G/K is a (locally) {2k + 1)- symmetric space endowed 
with its canonical almost complex structure J, and with the ]_-invariant splitting TN = [m'] ® [p] 
and [m'] = [mi] © [m*]. Let f : L ^ N he a map, F : L ^ G a lift of f and a = F^^.dF. Then 
'if f flO'tj f*^ = 0; f*^^^ [mi]-holomorphic then f is -vertically torsion free f*T^'^ = 0, and 
the following statements are equivalent 

(i) / is vert. hoi. harmonic w.r.t. and 3_ : 

(ii) / si vert. hoi. harmonic w.r.t. V'^ and — J ; 

(iii) / is vertically harmonic w.r.t. V^. 

(iv) / is strongly vertically harmonic w.r.t. V^. 
Now, let us apply proposition 16.21 



gV ■ Qvj 



U,-L 



= 0. 



Proposition 6.3 Let us suppose that N — G/K is a (locally) {2k + l)-symmetric space. Then 
f : L N is vert. hoi. harmonic w.r.t. and — J if and only if 

Bai + K A a',] = 0. 

Moreover, if f : L ^ N is flat and [mi]-holomorphic, then it is vert. hoi. harmonic w.r.t. 
and J if and only if 

da'-k + K A + K A a'fc] = 0. 

Furthermore, as in the even case (i.e. N = G/K is (locally) 2fc-symmetric) the horizontal 
holomorphicity implies the fiatness. 



Proposition 6.4 Let us suppose that N = G/K is a (locally) {2k + l)-symmetric space. Then 
if f : L —+ N is horizontallly holomorphic (i.e. [m']-holomorphic) then f is flat /*$ — 0. 

Now let us conclude with the following geometric interpretation of the odd minimal determined 
system. 

Corollary 6.6 Let us suppose that N ~ G/K is a (locally) {2k + \)-symmetric space. Then the 
odd minimal determined system (Syst(fc + 1,t)) associated to N means that the geometric map 
f : L ^ N is horizontally holomorphic and vertically harmonic w.r.t. the affine connection V^. 
Moreover the horizontal holomorphicity implies the flatness of f and its freedom from -vertical 
torsion, f*T^^'' = 0. 

More pecisely, the (last) equation {Sk+i) of the system (which lies in Qk) means the vert. hoi. 
harmonicity of f w.r.t. and — J 



0,1 
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whereas the equation (Sk) (which lies in g^k) means the vert. hoi. harmonicity of f w.r.t. 
and J 

1,0 



= 



Moreover the sums {Sk)+iSk+i) (which lies in trife ) means (taking account of the [mi] -holomorphicity 
o"_\ the strongly vertical harmonicity of f w.r.t. V^; 

so that its real part means that f is 'S/^ -vertically torsison free and its imaginary part that f is 
-vertically harmonic. 

All the other equations of the system, (Sj), < j < k ~ 1 are (after having taken account of the 
horizontal holomorphicity o"__^ =0, ^ < j <k — \) nothing but the projections on the suhspace 
Q-j, 1 < j < k — 1 of the Maurer-Cartan equation (which means the existence of the geometric 
solution f ). 

Strongly vertical harmonicity w.r.t. V*. Let us see what the strongly harmonicity w.r.t. 
to V*, with t e [0, 1] \ {1}, means. 

We have seen that the tension field of a map f : L —t N = G/K, with respect to V*, does not 
depend on t e [0, 1] (see theorem l6.ip . Let us set r(/) := t*(/). 

Proposition 6.5 Let /: L ^ N = G/K he a map. 

• Then we have 

T"'''(./) = [T(/r = 2 

• //[p,p]p = {0} and f is flat, then f*T^^'' = i.e. r^'^'if) ^2d^''^df. 

• Let us suppose in addition to that, that N = G/K is endowed with an almost complex structure 
J leaving invariant the decomposition TN — TiddV, and which anticommutes with the reductivity 
term [V', 0][p], and that m* admits an AdK -invariant ^-invariant complement mi in m'. 

Then if f is [mi\-holomorphic, the following statements are equivalent: 

(i) /^T*'" = for one t e [0, 1] \ {1}, 

(ii) r[ViA0][p] = 0, 

(iii) t'-'-U) = T^^^f) for one t e [0, 1] \ {0}. 

Corollary 6.7 Let us suppose that N = G/K is endowed with an almost complex structure J 
leaving invariant the decomposition TN = 7i V and which anticommutes with the reductivity 
term [i/', (/i][p] ■ We also suppose that there exists a ^-invariant KAK -invariant complement mi in 
m' o/m*. Lastly, we suppose that [p,p]p = {0}. 

Let f:L^N = G/K be a map which is flat and [mi]-holomorphic. Let F : L ^ N be a lift of 
f and a = F^^.dF. Then the following statements are equivalent 

(i) = for one t e [0, 1] \ {1}, 

(ii) [a^'a/]" = for one < e [0, 1] \ {i}, 

(iii) ri-''(/) =0 anrfr[^i A0][p] =0, 
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(iv) [T(/r = andr[V'iA</>][pi=0, 



(v) 



1 1,0 



for one t e [0, 1] and f*[tpi A ^][p] = 0, 



(vi) a^'^'-'a"/ 



= for one t G [0, 1] and A ^][p] = 0, 

(vii) f is a geometric solution of the first elliptic integrable system associated to the adgj 
invariant decomposition = (gt © m 
satisfies the zero curvature equation 



invariant decomposition = (gt © iri') © P, the 1-form I3\ = \ ^aj, + (ae + am') + Attp 



rf/3A + ^[/3AA/3A]=0 VAeC*. 



Now, we come back to the case of a (locally) (2fc + l)-symmetric space. 

Corollary 6.8 Let us suppose that N = G/K is a (locally) {2k + l)-symmetric space. Let 
f\L^N = G/K he a map, F: L ^ N he a lift of f and a = F~^.dF. Then the following 
statements are equivalent: 

(i) / is horizontally holomorphic and strongly -vertically harmonic for one t S [0, 1] \ {1}, 

(ii) f is a geometric solution of (Syst(A; + 1,t)) and [ai A ak] = 0, 

(iii) / is horizontally holomorphic and is a geometric solution of the first elliptic integrable 
system associated to the adgo-invariant decomposition Q = {qq ® Ttt') ® Tttfe, 

(iv) f is a geometric solution of (Syst(A; + l,r)) and moreover the 1-form P\ = X^jZ^fe A-'aj 
satisfies the zero curvature equation 

dl3x + \[PxA/3x] = VAeC*. 



Remark 6.2 Note that in (iii), the 1-form f3\ is of order k on A, whereas the extended 1-form 
ax, solution of (Syst(fc -\-1,t)), is of order A; + 1. Moreover the coefficient on A^*^ (resp. A'^) is 
not of (l,0)-type (resp. (0,l)-type). 
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7 Appendix 



7.1 Vertical harmonicity 

Theorem 7.1 Let us consider the situation described by example \4-l\ and suppose that tt: — > 
M is a Riemannian submersion and u: L ^ M is an isometry. Then f:L^N is vertically 
harmonic if and only if the corresponding section f : L ^ u*N is a harmonic section. Further- 
more f : L ^ N is harmonic if and only if f : L ^ u*N is harmonic and [t(/)]^ (tl)^ ^ ^ 
the component of the tension field in the subspace of 71 corresponding by the isometry d-K^-j-i to 
the normal bundle u^{TL)^ in TM , vanishes, or equivalently [diT{T{f))]^^^rp^i_ — 0. 

Proof. The Levi-Civita in u*N is the orthogonal projection ofthe Levi-Civita connection in 
L X iV, on the tangent bundle T{u*N). Let us determine this orthonormal projection. First let 
us express clearly what is the tangent subbundle T{u*N) in T{L x N). 

T(Ln)iu*N) = e r(,,„)L X N\duiO - dnir,)}. 

Let us do some identifications. First an usual one: consider that TL is a subbundle of TM^^ 
(and forget the "m, " in u^,{TL)), secondly: we consider that Tr*TM = Ti., identifying these by 
the isometry dir^-^, so that we will write 7i|7r-i(L) = 7r*TL © ■k*TL^ , where TL^ is the normal 
bundle of L in M. Moreover, for any rj e rA^|^-i(i) let us write its decomposition following 

TN^-i^L^ = 7r*TL e 7r*rL-L © V^-i(i) as 

Then under the previous identifications, we have 

Tii,n)iu*N) = {(^, 7?) e TiL X T„N\7^^L = ^, r,^^^ = 0} 

= {(^,e + ^''),^er,L,77^e V„}. 

This gives us a splitting T{u*N) = V"*^ H'"'^ where V(/, n) e u*N, 

^Ilu) = {0} X V„ and H^J^ - T^L xH^n T^Ln){u*N) = {{^ G T^L x TjL}. 
Let us determine the orthogonal of the tangent space T{u*N): 

V(e,?7)e%„)(u*iV), = ((?,7/),(a,/?)) 

= (^,a) + (r;,/3) 

= (C,«) + (C,/3|^L) + (0,/3?^J + (r?^,/5^> 

^(a + /3?^,/3^) = 0. 

Therefore 

(%„)(u*iV))^ - {(-/3^i,/3),/3 e 7^„}. 

Decomposing each (a, 6) e T{L x A^)|„-.jv following the decomposition T{L x -/V)|u. jv — T{u*N) © 
T(u*7V)-L: (a, b) = 77) + (a, /?), then we obtain 

r a - 77?^L - /5?L 
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so that this decomposition is therefore given by 

Now, let us come back to our fonction f : L ^ N and the corresponding section / : (L, b) u*N. 
Then let us compute 

u'N _ u'N u'N / iJ"*« 

V" = V (d/, = V" (0, d-f) = ([V(0, d''/)]T(u.w)) 

= ([(0,VdV)]T(«.JV))' 



V 



it*JV 



Finally, we have proved 



V^dV^V'dV (119) 



and by taking the trace, we obtain the first assertion of the theorem. 
Now, in the same way we obtain 

V df = (^-(Vd/)?^i, -(Vd/)«i + Vd/j (120) 

so that f : N ^ u*N is harmonic if and only if [t(/)]^^ = and [r(/)]^ = 0. Therefore 
/: L N is harmonic if and only if f : N u*N is harmonic and [T{f)]'!ji^± = 0. This 
completes the proof. □ 

From the proof of theorem 17.11 (more precisely from l|119p and l|120p ). we obtain: 

Theorem 7.2 Let us consider the situation described by theorem \ 7.1\ Then f L N is 
superflat if and only if the corresponding section f : L ^ u*N is superflat. Furthermore f:L^ 
N is totally geodesic if and only if f: L — !■ u*N is totally geodesic and [Vd/]^^.^ — (i.e. 

[d^(vd/)]^^, = o;. 

Remark 7.1 The metric defined in example 14.11 in u*N (and thus in theorems 17.11 and 17.21 i.e. 
the metric induced by the product metric, is given by 

|(^,r?)P = 2|^P + h^P (121) 

whereas, when tt: — > Af is a Homogeneous fibre bundle, the metric in u*N, considered as an 
Homogeneous fibre bundle, is defined in 14.21 bv equation (l58)) and is given by 

l(c,^)P = ieP + h^r (122) 

However, theorems 17.11 and 17.21 hold, of course, also with the metric (|122p . Indeed, first remark 
that the theorems hold if we multiply the product metric in L x by a constant factor. Then 
just apply these theorems with the same {M,g) (and thus the same {L,u*g)), N endowed with 
the new metric | • |^ + 2| • |y (the old one being | ■ |^ + | • lv) ^ind endow L x N with ^ times the 

product metric, then the induced metric on M* AT is (fT22l) : ^(|^P + (|^P + 2|r7^p)) = \£,\'^ + \if . 
7.2 Riemannian /-structures 
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